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 A cart-pole inverted pendulum system is one of the underactuated systems 

that has been used in many applications. This research aims to study the 

design and the effectiveness of the Adaptive Super-Twisting controller to 

stabilize the system by comparing it with other previous control methods. A 

stabilization control of the pendulum upright using the Adaptive Super-

Twisting algorithm (ASTA), was investigated. The proposed controller was 

designed based on the decoupling algorithm method to solve the coupled 

control input in the system model. We then compared the proposed 

stabilizing controller with first-order sliding mode control (FOSMC) and 

Super-Twisting algorithm (STA) in Matlab/Simulink simulation and realistic 

computer simulation. We developed the computer simulation using anyKode 

Marilou software, which adopted Open-Dynamic Engine (ODE) as a physics 

engine. In Matlab/Simulink simulation, we considered three different 

scenarios: a nominal system, a system with uncertainty, and a disturbed 

system. Meanwhile, in a computer simulation, we only presented the 

comparison of different controllers' performances for the realized system. 

Both results showed that the three controllers could stabilize the pendulum 

upright with 0.1 rad initial angular position around the vertical axis. Under 

the same conditions, the ASTA and STA controllers had similar 

performances; they both have less chattering and faster convergence than the 

FOSMC approach. However, the FOSMC approach had the least energy 

delivered and smallest errors than the other two approaches. 
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1. INTRODUCTION  

The inverted pendulum system is well known as the benchmark for problem-case studies in the control 

engineering field. Some researchers are attracted to this system because of its characteristics: an unstable, 

underactuated, and nonlinear system. Thus, some controllers' methods can be designed and tested for such a 

system plant. This underactuated system has significant applications in real-world engineering problems, for 

instance, in rockets, underwater robots, walking humanoid robots, overhead cranes, free-flying spacecraft, 

robotic manipulators, and many more [1]. One practical example of inverted pendulum applications can be 

found in [2]. Instead of using a complex dynamic model of a certain system, the inverted pendulum model 

can be employed as a replacement for a simplified model of a longitudinal dynamic of a unicycle robot. The 

conventional cart-pole inverted pendulum system consists of a cart with an unactuated pendulum attached to 

the body of the cart. The unactuated pendulum is maintained to stay around its unstable vertical position 

without falling by controlling the cart's movement. According to [1], an Adaptive Super-Twisting algorithm 

with decoupled terminal sliding mode control was used to control the inverted pendulum system. In other 

references, some researchers studied the stabilization control of inverted pendulum system based on output 

feedback control using Kalman Filter and LQR controller [3], and PID-like fuzzy logic controller [4]. A 
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different approach was proposed in [5], where the adaptive control logic was applied to solve the system 

problem. In general, there are three types of control problems related to inverted pendulum systems: (i) 

swinging up the pendulum upright from the downward position [6][7][8], (ii) stabilization or balancing of the 

pendulum upright [7][9][10], and (iii) tracking control of the inverted pendulum [11][12][13][14]. Since this 

system is popular for several decades, many control methods have been proposed to solve these three 

problems. This paper investigated the second problem, where the stabilization control of the inverted 

pendulum upright from its initial position around the equilibrium point. 

The Adaptive Super-Twisting control is well-known as robust control and has been employed in many 

real-world applications. One of the advantages of using adaptive tuning law is the elimination of the 

requirement of the knowledge regarding upper bounds of external perturbation [1]. Previous researches 

related to the use of the Adaptive Super-Twisting control method for a cart-pole inverted pendulum system 

can be found in [1], [6], and [15]. In [1], they use adaptive-super twisting decoupled with the terminal sliding 

mode control scheme. The system is considered two separate subsystems, and a controller is proposed to 

steer each subsystem. In contrast to that, we use the coordinate transformation of the decoupling algorithm 

proposed by Olfati-Saber [16][17] to obtain its normal form. In other research, as presented in [15], they 

investigate the system with external perturbation and use global sliding mode surface for the system. This 

means the term of the sliding surface has an exponential term which is a different form of conventional terms 

for sliding surface. However, in this research, we use the conventional algebraic terms for sliding surface and 

study the parametric uncertainty (mass uncertainty) and external disturbance for the cart-pole inverted 

pendulum. Another approach is discussed in [6], they investigate output-feedback controller for a cart-pole 

inverted pendulum via coupled sliding-mode algorithm. Unlike in [6], we use a full state-feedback controller 

for such a system via decoupled algorithm to obtain regular form. Moreover, in this work, we improve the 

previous work as presented in [10] where the controller of LQR, first-order, and second-order sliding mode 

control was employed. The novelty of this research is the use of an Adaptive Super-Twisting Algorithm 

controller for a cart-pole inverted pendulum system by utilizing the decoupling algorithm method.  

Only conventional first-order and Super-Twisting second-order sliding mode control will be employed 

as a comparison to the presented controller. These comparisons will be shown in a realistic computer 

simulation and Matlab/Simulink. In Matlab/Simulink simulation, we provide detailed comparisons to study 

the control performances for different scenarios, namely, for the nominal system, uncertainty system, and 

disturbed system, while in a realistic computer simulation, we only present the comparison of controllers for 

virtual a cart-pole inverted pendulum system without uncertainty and disturbance. We consider this computer 

simulation because it offers realistic simulated physics [18] in which it adopts Open-Dynamic Engine (ODE). 

This engine is one of the physics engines in the market even there are other several physics engines such as 

Bullet physics, NVidea Physics, and DART [19]. The physics engine is the library for simulating rigid bodies 

in a real-world simulation. Commonly, this computer simulation is intended for robotic systems such as for 

simulating realistic multi-robot systems [20], modular robots [21], or virtual mechatronics systems. The 

contribution of this paper is not only the use of the ASTA controller for stabilizing the system plant but also 

to use the virtual cart-pole inverted pendulum as a testbed for implementing the designed controller. The 

virtual simulation of the system plant is stable and reliable enough for mimicking this type of underactuated 

system. 

In the realistic simulation presented in this paper, several embedded sensors and actuators are already 

provided in anykode Marilou, e.g., dc motor, encoder, accelerometer/gyroscope, etc. [22]. Thus, this 

computer simulation is good enough to imitate and simulate the realizing cart-pole inverted pendulum 

system. there is an interface program i.e., known as Marilou Open Device Access (MODA) to implement the 

designed controller in realistic simulation in anyKode Marilou. This interface program can be accessed by 

C/C++ programming language using Microsoft Visual C++ 2008 [22]. Since this work may become an 

alternative solution to solve the control problem of cart-pole inverted pendulum stabilization in a realistic 

simulation, then this simulation can also be applied as a low-cost mechatronics system for laboratory testbed 

in engineering classes. Students and teachers may find this virtual simulation very useful to study control 

systems and their implementation in robotics and mechatronics system. Moreover, this virtual simulation can 

also be applied to the research proposed as given in [23] where the proposed teaching robot algorithm is 

tested in a virtual robot experimentation platform (V-REP). This similar idea can be found in [22][24] for a 

brain-computer interface to control the wheelchair that is virtually simulated in anyKode Marilou. 

 

2. RESEARCH METHOD 

2.1. System Model 

The system model of the cart-pole inverted pendulum is shown in Fig. 1. The dynamic model of this 

system is given in [25]: 
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(𝑚 + 𝑀)�̈� + 𝑚𝑙(�̈� 𝑐𝑜𝑠 𝜃 − �̇�2 𝑠𝑖𝑛 𝜃) = 𝜏                            

�̈� 𝑐𝑜𝑠 𝜃 + 𝑙�̈� + 𝑔 𝑠𝑖𝑛 𝜃 = 0 
(1) 

where m and M are the mass of the pendulum and cart, respectively. The l is the length of the pendulum, τ is 

the force, y is the displacement, g is the gravitational force, and θ is the angle of a pendulum to the z-axis. 

The system (1) can be rewritten as follows:  

 

�̈� =
(𝑙 �̇�2 + 𝑔 𝑐𝑜𝑠 𝜃)𝑚 𝑠𝑖𝑛 𝜃

𝑀 + 𝑚 𝑠𝑖𝑛2 𝜃
+

𝜏

𝑀 + 𝑚 𝑠𝑖𝑛2 𝜃
                        

�̈� = −
((𝑚 + 𝑀)𝑔 + 𝑚𝑙�̇�2 𝑐𝑜𝑠 𝜃) 𝑠𝑖𝑛 𝜃

𝑀𝑙 + 𝑚𝑙 𝑠𝑖𝑛2 𝜃
−

𝑐𝑜𝑠 𝜃 𝜏

𝑀𝑙 + 𝑚𝑙 𝑠𝑖𝑛2 𝜃
 

(2) 

It is important to note that the system in (2) is the correction for the dynamic model presented by Mahjoub 

[26][27], in particular, for the negative sign of the first term in the second row of the system (2). 

We let sin 𝜃 ≈ 𝜃, cos 𝜃 ≈ 1, 𝑢 = 𝜏, and since 𝜃 is around equilibrium point then we assume that 

𝑚𝑙 sin2 𝜃 ≈ 0. We define  

 
𝑥1 = 𝜃 

𝑥2 = �̇� 

𝑥3 = 𝑦 

𝑥4 = �̇� 

(3) 

It follows that the state-space in (2) is: 

 
�̇�1 = 𝑥2                                                               

�̇�2 = −
(𝑚 + 𝑀) 𝑔 𝑥1 + 𝑚 𝑙 𝑥1 𝑥2

2

𝑀 𝑙
− 

𝑢

𝑀 𝑙
 

�̇�3 = 𝑥4                                                               

�̇�4 =  
𝑚 𝑙 𝑥1 𝑥2

2  + 𝑚 𝑔 𝑥1

𝑀
+ 

𝑢

𝑀
                   

(4) 

 
Fig. 1. Cart-pole inverted pendulum model. 

 

2.2. Decoupling Input 

The control input in the system (4) appears in the second and fourth row. One way to remove the system 

input in the second row is by considering it as two subsystems as given in [26] and [1]. Another way to solve 

this problem is to employ the decoupling algorithm proposed by Olfati-Saber [16][17]. This algorithm also 

applies in different underactuated systems such as wheeled pendular-like systems (WPS) vehicle [28] and 

inertial wheel inverted pendulum [29]. To decouple these system inputs, we let 

 
𝑞1 = 𝜃 

𝑝1 = �̇� 
(5) 

 

q

m

M

l

t
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y
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𝑞2 = 𝑦 

𝑝2 = �̇� 

Thus, the equation (5) can be written as: 

 
�̇�1 = 𝑝1                                  

�̇�1 = 𝑓1(𝑝, 𝑞) + 𝑔1(𝑝, 𝑞)𝑢 

�̇�2 = 𝑝2                                  

�̇�2 = 𝑓2(𝑝, 𝑞) + 𝑔2(𝑝, 𝑞)𝑢 

(6) 

We use new variables 𝑧1, 𝑧2, 𝑧3, 𝑧4 and by following global coordinate transformation in [28], we define 

 

𝑧1 = 𝑞1 − ∫
𝑔1(𝑠)

𝑔2(𝑠)

𝑞2

0

𝑑𝑠 = 𝑞1 +
𝑞2

𝑙
 

𝑧2 = 𝑝1 −
𝑔1(𝑞2)

𝑔2(𝑞2)
𝑝2 = 𝑝1 +

𝑝2

𝑙
       

𝑧3 = 𝑞2                                                  

𝑧4 = 𝑝2                                                  

(7) 

It follows from (7) that 

 
�̇�1 = 𝑧2                                           

�̇�2 = −
𝑔

𝑙
𝑧1 +

𝑔

𝑙2
𝑧3                     

�̇�3 = 𝑧4                                           

�̇�4 =
𝑚𝑔

𝑀
𝑧1 −

𝑚𝑔

𝑀𝑙
𝑧3 +

𝑢

𝑀
+ ∆ 

(8) 

Thus, the control input that appears in (4) is removed as in (8). The term ∆ is assumed as disturbance so that 

it can be ignored in controller design. It is given by: 

 

∆ =
𝑚𝑙

𝑀
(𝑧1 −

𝑧3

𝑙
) (𝑧2 −

𝑧4

𝑙
)

2

 (9) 

 

2.3. Controller Design 

In this paper, we assume that all states are available to be measured. We design the sliding surface, σ as 

following [30]: 

 
𝜎 = 𝑐1𝑧1 + 𝑐2𝑧2 + 𝑐3𝑧3 + 𝑧4 (10) 

It follows from (10) that 

 
�̇� = 𝑐1�̇�1 + 𝑐2�̇�2 + 𝑐3�̇�3 + �̇�4 (11) 

and by substituting (8) into (11) and ignore the disturbance term of Δ, then we have: 

 
�̇� = 𝑐1𝑧1 + 𝑐2 (−

𝑔

𝑙
𝑧1 +

𝑔

𝑙2
𝑧3) + 𝑐3𝑧4 +

𝑚𝑔

𝑀
𝑧1 −

𝑚𝑔

𝑀𝑙
𝑧3 +

𝑢

𝑀
 (12) 

The system (12) has relative degree 1, and thus, the Super-Twisting Algorithm can be applied. By choosing  

 𝑢 = 𝑀(𝑢𝑒𝑞 + 𝑢𝑠𝑡) (13) 

where 

 𝑢𝑒𝑞 = − (
𝑚𝑔

𝑀
−

𝑐2𝑔

𝑙
) 𝑧1 − 𝑐1𝑧2 − (

𝑔𝑐2

𝑙2
−

𝑚𝑔

𝑀𝑙
) 𝑧3 − 𝑐3𝑧4 (14) 

And 𝑢𝑠𝑡, the super-twisting algorithm [31][32] is given by: 

 𝑢𝑠𝑡 = 𝑢1 + 𝑢2 (15) 
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where 

 

  𝑢1 = −𝛼|𝜎|1/2𝑠𝑖𝑔𝑛(𝜎)                        

�̇�2 = {
−𝑢𝑠𝑡               𝑖𝑓|𝑢𝑠𝑡| > 𝑢𝑚

−𝛽 𝑠𝑖𝑔𝑛(𝜎) 𝑖𝑓|𝑢𝑠𝑡| ≤ 𝑢𝑚

 (16) 

and 

 𝑠𝑖𝑔𝑛(𝜎) = {
   1 𝜎 > 0
   0
−1

𝜎 = 0
𝜎 < 0

 (15) 

with 𝑢𝑚 is the upper bound for 𝑢𝑠𝑡. The control gains 𝛼 and 𝛽 are adaptively changing by following 

algorithm [31][33]:  

 
�̇� = {

𝜔1√
𝛾1

2
 𝑠𝑖𝑔𝑛(|𝜎| − 𝜇0) 𝑖𝑓 𝛼 > 𝛼𝑚

0                                        𝑖𝑓 𝛼 ≤ 𝛼𝑚

𝛽 = 2휀𝛼                                                              

 (17) 

Where 𝜔1, 𝛾1, 휀, 𝜇0 and 𝛼𝑚 are nonzero and they need to be tuned to ensure stability. By substituting (13) into 

(12) using (14)–(15), it follows from (12), 

 �̇� = 𝑢1 + 𝑢2 (18) 

To stabilize the system, we urge to make the sliding surface 𝜎 and its derivative �̇� converge to zero, i.e., 

 𝜎 = �̇� = 0 (19) 

Hence, if 𝜎 → 0 in (10), this implies that 𝑧4, 𝑧3, 𝑧2, and 𝑧1 will also converge to zero. 

By following [34], to guarantee 𝜎 → 0 in (10), we choose 𝑐𝑖 for 𝑖 = 1, 2, 3. Let suppose 𝜎 = 0 in (10), 

it follows that 

 𝑧4 = −𝑐1𝑧1 − 𝑐2𝑧2 − 𝑐3𝑧3 (20) 

and by denoting 𝜇1 = 𝑧4 and 𝜇2 = [𝑧1   𝑧2   𝑧3]𝑇 , we may rewrite (20) as 

 𝜇1 = 𝑐𝜇2 (21) 

where 𝑐 = [−𝑐1  −𝑐2  −𝑐3]. By taking the first derivative of (10), we have: 

 �̇� = �̇�1 + 𝑐�̇�2 (22) 

and by relating to (9), it follows that  

 �̇�2 = [

�̇�1

�̇�2

�̇�3

] = [

𝑧2

−
𝑔

𝑙
𝑧1 +

𝑔

𝑙2
𝑧3

𝑧4

] (23) 

i.e., rewritten as: 

 �̇�2 = 𝐴1𝜇1 + 𝐴2𝜇2 (24) 

By substituting (21) into (24), we have 

 �̇�2 = (𝐴1𝑐 + 𝐴2)𝜇2 (25) 

To guarantee 𝜇2 → 0, we make (𝐴1𝑐 + 𝐴2) in (25) to be Hurwitz. Thus, if  𝜇2 → 0, from (21)  we also have  

𝜇1 → 0. Since 𝜇1 → 0 and 𝜇2 → 0 then 𝑧1 → 0, 𝑧2 → 0, 𝑧3 → 0, 𝑧4 → 0. This implies that 𝜎 → 0 is 

guaranteed. Thus, if this condition is guaranteed, then it is similar to say that by relating (6)-(8) with (10), we 

have, 𝑦 → 0, �̇� → 0, 𝜃 → 0, and �̇� → 0. 

From the controller design in (13), we have the control law as follow: 

 

𝑢 = 𝑀 [(
𝑚

𝑀
+

𝑐2

𝑙
) 𝑔𝜃 +

(𝑚𝑔𝑙 − 𝑀(𝑙2𝑐1 + 𝑔𝑐2))

𝑀𝑙2
�̇� +

(𝑀𝑐2 − 𝑚𝑙)

𝑀𝑙2
𝑔𝑦 −

(𝑐1 + 𝑐3𝑙)

𝑙
�̇�] 

−𝛼|𝜎|
1
2 𝑠𝑖𝑔𝑛(𝜎) − ∫ 𝛽 𝑠𝑖𝑔𝑛(𝜎)𝑑𝑡                                                                             

(26) 
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Where 𝑐1, 𝑐2, and 𝑐3 are nonzero. Furthermore, 𝛼 and 𝛽 are adaptively changing according to (17). Thus, 

𝑐1, 𝑐2, 𝑐3, 𝜔1, 𝛾1, 휀, 𝜇0 and 𝛼𝑚 are needed to be tuned and chosen properly from experiments.  

2.4. Stability Analysis 

To prove the control stability, we use equations from (13)-(16) to substitute 𝑢 in (12). By calculating 

(12) for �̇�, we have  

 �̇� = 𝑢𝑠𝑡 + ∆(𝑧1, 𝑧2, 𝑧3, 𝑧4) (27) 

We assume that the disturbance ∆(𝑧1, 𝑧2, 𝑧3, 𝑧4) is differentiable and it satisfies the inequality  

 |∆̇(𝑧1, 𝑧2, 𝑧3, 𝑧4)| < 𝛿 (28) 

where 𝛿 is positive constant. We define the Lyapunov function candidate as 

 𝑉 =
1

2
𝜎𝑇𝜎 (29) 

By using �̇� in (27) and employing (15)-(16) for switching control 𝑢𝑠𝑡 and inequality in (28), we compute the 

first derivative of (29) as following 

 

�̇� = 𝜎𝑇�̇�                                                                                                                 

= 𝜎𝑇(𝑢𝑠𝑡 + ∆(𝑧1, 𝑧2, 𝑧3, 𝑧4))                                                                     

= 𝜎𝑇 (−𝛼√|𝜎| 𝑠𝑖𝑔𝑛(𝜎) − ∫ 𝛽 𝑠𝑖𝑔𝑛(𝜎) 𝑑𝑡 + ∆(𝑧1, 𝑧2, 𝑧3, 𝑧4))      

= −𝜎𝑇𝛼√|𝜎| 𝑠𝑖𝑔𝑛(𝜎) − 𝜎𝑇 ∫ 𝛽 𝑠𝑖𝑔𝑛(𝜎) 𝑑𝑡 + 𝜎𝑇∆(𝑧1, 𝑧2, 𝑧3, 𝑧4) 

≤ −𝛼|𝜎𝑇|√|𝜎|  − |𝜎𝑇| ∫ 𝛽 𝑑𝑡 + |𝜎𝑇∆(𝑧1, 𝑧2, 𝑧3, 𝑧4)|                        

= −𝛼|𝜎𝑇|√|𝜎|  − |𝜎𝑇| ∫ 𝛽 𝑑𝑡 + |𝜎𝑇| ∫ ∆̇(𝑧1, 𝑧2, 𝑧3, 𝑧4)𝑑𝑡              

= −𝛼|𝜎𝑇|√|𝜎|  − |𝜎𝑇| ∫ 𝛽 𝑑𝑡 + |𝜎𝑇| ∫ 𝛿 𝑑𝑡                                      

= −𝛼|𝜎𝑇|√|𝜎|  − |𝜎𝑇| ∫(𝛽 − 𝛿) 𝑑𝑡                                                      

≤ −𝛼|𝜎𝑇|√|𝜎|                                                                                             

(30) 

and since �̇� is negative semi-definite, then the controller law converges to zero asymptotically [35]. 

2.5. Implementation 

To verify the efficacy of the controller design, we conduct two simulations using Matlab/Simulink and 

ODE-based simulation. The implementation of Matlab/Simulink and ODE simulation can be depicted in the 

controller's structure as given in Fig. 2 (left), while the realistic simulation of anyKode Marilou is shown in 

Fig. 2 (right). All state variables of the system are available to measure. In the simulation, we choose the 

control gains properly, and if the control system is not stable, then the pendulum will fall immediately and 

vice-versa. To implement the controller laws in ODE simulation for the proposed controller (ASTA), we use 

the Visual C++ 2008 program to access the virtual inverted pendulum system plant in anyKode Marilou. The 

IMU (inertial measurement unit) sensor is applied to the realistic simulation to obtain angular position and 

velocity in the cart-pole inverted pendulum system.  This sensor feedback is updated 100 times per second as 

the control sampling, Ts.  The initial position for the pendulum was set up in anyKode Marilou and not from 

the C++ program. However, in this application program, we may detect this angular position sensor and use 

it as feedback for the controller. The following algorithm is given and is derived from the controller's 

structure of ASTA in Fig. 2 (left). 

 

 Initialization:  

 Choose the values for 𝑐1, 𝑐2, and 𝑐3 

 Choose values for 𝜔1, 𝛾1, 휀, 𝜇0, 𝑢𝑚, and 𝛼𝑚 
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 Loop: 

1. Obtain the values for 𝜃, �̇�, 𝑦, and �̇� from sensors' measurements 

2. Compute 𝑧1, 𝑧2, 𝑧3, and 𝑧4 in (7) 

3. Compute 𝜎 in (10) 

4. Compute �̇� and integration of 𝛼 and 𝛽 in (17) 

5. Compute 𝑢𝑒𝑞  in (14) 

6. Compute 𝑢1 and integration of 𝑢2 in (16)  

7. Compute 𝑢 in (13) 

8. Wait for 𝑇𝑠 sampling time and then return to step 1 

 

Initially, we choose values for all parameters but only keep 𝑐1, 𝑐2, and 𝑐3 the same in the two simulation 

platforms. The remaining parameters are tuned experimentally for the two simulation platforms. In the 

algorithm program, we cannot calculate the dynamics of the inverted pendulum system in anyKode Marilou 

because it is a complex system. However, we only can measure its variable states. In Matlab/Simulink, the 

dynamics model can be calculated using (1) as given in Fig. 2 (left). 

 

  
Fig. 2. Structure of ASTA controller (left) and realistic simulation of cart-pole inverted pendulum (right). 

 

3. RESULT AND DISCUSSION  

This section will show the comparison of the present controller with other stabilizing controller methods 

(FSOMC and STA). In Matlab/Simulink simulation, we study the performance of controllers in different 

scenarios, while for anyKode Marilou simulation, we compare the effectiveness of the stabilizing controller 

for cart-pole inverted pendulum system from these three different control methods. The control gains and 

sliding surface parameters for each simulation are tuned experimentally. Those values cannot be used directly 

from one simulation to another simulation because of different platforms. However, the system parameters of 

the system plant are the same for both simulations, i.e. given by m = 0.25 kg, M = 1.0 kg, l = 0.450 m, and g = 

9.8 m/s2. In all simulations, we use the initial angular position for the pendulum with 0.1 rad. 

3.1. Matlab/Simulink Simulation 

The control gains for this simulation are ω1 = 1.5, γ1 = 2.25, ε = 1.3, αm = 0.25, μ = 0.15, um = 1, and for 

sliding surface parameters, we choose c1 = 1, c2 = 3.2, and c3 = 8.2. We compare the Adaptive Super-Twisting 

controller with other controllers using FOSMC [34] and STA [36] by conducting three different scenarios for 

each controllers to stabilize the cart-pole inverted pendulum system, namely, (a) for nominal system, (b) 

system with uncertainty, and (c) system with disturbance. To compare with other controller methods of 

FOSMC and STA, we recall from (13) and rewrite: 

 𝑢 = 𝑀(𝑢𝑒𝑞 + 𝑢𝑠𝑤) (31) 

For the FOSMC controller, the switching controller is: 

 𝑢𝑠𝑤 = −ℎ 𝑠𝑖𝑔𝑛(𝜎) (32) 

and for STA, the switching controller is given by [31][32]: 

 
𝑢𝑠𝑤 = 𝑢1 + 𝑢2                                             

𝑢1 = −𝜆 |𝜎|
1
2 𝑠𝑖𝑔𝑛(𝜎)                          

(33) 

Cart-pole Inverted 
pendulum (Eq. 1)

Controller (STA)
(Eq. 16) 

Sliding surface 
(Eq. 10) 

Adaptive gain 
(Eq. 17) 

Coordinate 
Transformation 

(Eq. 7)

Equivalent control
(Eq. 14) 

+

+

x
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�̇�2 = {
−𝑢𝑠𝑤               𝑖𝑓|𝑢𝑠𝑤| > 𝑢𝑚

−𝑊 𝑠𝑖𝑔𝑛(𝜎) 𝑖𝑓|𝑢𝑠𝑤| ≤ 𝑢𝑚
 

The control gains for FOSMC is h = 1.36 and for STA are λ = 0.022, W = 0.15, and um = 1. The system 

parameters of c1, c2, and c3 are kept the same for all controllers (FOSMC, STA, and ASTA). Fig. 3 through 

Fig. 9 show these simulation results. 

 
Fig. 3. Angular position (left) and angular velocity of pendulum (right) for system without disturbance. 

 

In Fig. 3, the angular position and velocity of the pendulum for ASTA and STA have the least 

chattering compared to the FOSMC approach. The angular positions in Fig. 3 (left) for the pendulum using 

all three controllers can converge to zero in less than 3 seconds. The convergence of angular position and 

velocity for STA and ASTA methods are similar and better than FOSMC. However, Fig. 4 shows that the 

system response for the cart's position and velocity of the FOSMC approach has a small error compared to 

STA and ASTA. 

  
Fig. 4. Position (left) and velocity (right) of the cart for system without disturbance. 

 

Fig. 5 shows the normalized control inputs for nominal system and system with disturbance, 

respectively. We use normalized control inputs to have fair comparisons between different controllers 

(FOSMC, STA, and ASTA). In the figure on the right, an impulse signal is injected at 3 sec. All three 

controllers can overcome this external disturbance. In comparison, we found that the FOSMC approach has 

more chattering compared to the other two. In the system with uncertainty, the scenario is conducted by 

changing its masses with 60% starting from 3 seconds, as shown in Fig. 6 (left). On the right figure, the 

normalized control input for all three controllers is given. Like the previous scenario, the FOSMC approach 

has more chattering than STA and ASTA while the responses of STA and ASTA approaches are the same. 

The angular positions of the pendulum for disturbance and uncertainty scenarios are in Fig. 7 (left) and 

(right), respectively. We observed that the angular position for the FOSMC approach is more chattering than 

the other two controllers. Although the chattering of FOSMC is consistent with previous scenarios, the 

transient error of this approach is also the same compared with the other controllers. Fig. 8 and Fig. 9 are the 

response of all states for the three control methods. All state variables (𝜃, �̇�, 𝑦 and �̇�) are converging to zeros 

which implies that the designed controller is correct because it is supported by simulation results. 
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Fig. 5. Control input for system without disturbance (left) and with disturbance (right). 

 

  
Fig. 6. The system's response for mass uncertainty (left) with its control input (right). 

 

  
Fig. 7. Angular position of pendulum with disturbance (left) and with uncertainty (right). 

 

The graphical figures of each system and scenario have given system responses, but quantitative 

comparisons are in Table 1. The performance indexes of each controller in respective scenarios are in Table 

1. The integral of the square error (ISE) and integral of absolute error (IAE) using the following formulation: 

 
𝐼𝑆𝐸 = ∫ 𝑒2(𝑡)𝑑𝑡 

𝐼𝐴𝐸 = ∫|𝑒(𝑡)|𝑑𝑡 

(34) 
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We also provide the energy delivered of the control input using normalized control input as the basis for 

a fair comparison. The formulation of delivered energy is as follows: 

 𝐽 = ∫ 𝑢2 𝑑𝑡
10

0

 (35) 

 

  
Fig. 8. The system response of FOSMC (left) and STA (right) approaches 

 

 
Fig. 9. The system response for ASTA approach. 

 

It is shown from Table 1 that the FOSMC approach has the chattering effect for all scenarios. However, 

the energy delivered to the system is the least compared to STA or ASTA. In fact, between STA and ASTA 

approaches, these two controllers have similar delivered energy. This finding is not consistent with the results 

as given by Mahjoub in [27]. One possible explanation is that the obtained normal form to design controller 

in this paper is different from Mahjoub [27]. The second reason is the use of dual layers in Mahjoub's work 

for sliding surfaces. This approach is different from the designed controllers in this paper. Thus, the obtaining 

results in this paper are different from those presented in [27]. On average, the performance index for integral 

absolute error and square error for STA and ASTA is twice and 12% higher than FOSMC, respectively. It 

implies that the FOSMC method has less steady-state error than the other two methods (STA and ASTA). 

Since the steady-state error for STA and ASTA are higher than the FOSMC method, this affects the delivered 

energy to the system in those two methods with 58% higher than the FOSMC approach. Nevertheless, this 

would not be the case if the comparison of those three methods control input was not normalized. STA and 

ASTA methods for disturbance systems are higher than the nominal system with 10.5%, 1.62%, and 2%, 

respectively. But for integral absolute error, we have 17.4%, 5.3%, and 16.3%, respectively. On the other 

hand, the comparison for the uncertainty system for FOSMC and STA controllers tends to less than nominal 

systems with 1.5% and 10.34%, respectively. For delivered energy, the system with disturbance for the 

FOSMC method is 20% higher than the nominal system. Other comparisons for disturbed systems in STA 

and ASTA scenarios are only less than 2% compared to nominal systems. 
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Table 1. Comparison of performance indexes and energy delivered for three stabilizing controllers 

Controller Scenario 
Performance Index Energy Criterion 

( ×102 J ) ISE IAE 

FOSMC [34] 

Nominal 0.0004706 0.02564 2.755 

Uncertainty 0.0004635 0.02268 2.796 

Disturbance 0.0005198 0.03011 3.307 

STA [36] 

Nominal 0.0009681 0.02807 7.132 

Uncertainty 0.0008680 0.02779 7.130 

Disturbance 0.0009838 0.02956 7.279 

ASTA 

Nominal 0.0009679 0.02148 7.122 

Uncertainty 0.0009679 0.02148 7.136 

Disturbance 0.0009865 0.02498 7.266 

 

3.2. ODE Simulation 

In this computer simulation, we aim to design a controller that can stabilize the inverted pendulum 

system. We can visually observe the system response as it is the realization of the system plant. If the 

controller gains and sliding surface parameters are tuned improperly, then the pendulum is falling. We 

develop ODE simulation using anyKode Marilou software with a C++ program as a programming interface 

to access that system plant. In C++ programming, we use the sliding parameters as given, i.e., c1 = 0.2526, c2 

= 16.37, and c3 = 6.45. These three sliding parameters are for all controllers (FOSMC, STA, and ASTA). The 

control gains for FOSMC is h = 2.325, and for STA are λ = 0.566, and W = 0.1025, while for ASTA are α = 

0.522, ω1 = 1.70, γ1 = 1.104, μ = 0.025, αm = 0.752, ε = 0.25, μ0 = 0.027, and um = 1. The sliding parameters 

and controller gains used in this simulation are different from those in Matlab/Simulink simulation. We tuned 

all parameters and control gains experimentally.  

Fig. 10 shows the comparison of the angular pendulum (left) and normalized control input (right) for 

three controllers. We observe that the chattering for the FOSMC approach larger than STA and ASTA. These 

results are consistent with the simulation results in Matlab/Simulink where the system converges in 3 

seconds. The comparison of performance indexes and energy delivered to the system using three different 

controllers is in Table 2. 

  
Fig. 10. The system response of angular position of pendulum (left) and normalized control input (right). 

 

In this simulation, we found that the performance indexes in Table 2 for the three controllers are almost 

the same except for the energy criterion in which FOSMC is slightly larger than STA and ASTA. The 

comparison of integral square error and absolute error for STA is 23% and 21.7%, while for ASTA is 15.4% 

and 16.2% smaller than FOSMC, respectively. However, for the energy criterion, the delivered energy using 

STA and ASTA is 16.2% and 13.1% smaller than FOSMC, respectively. These results are different from the 

simulation results in Matlab/Simulink simulation. From our analysis, this discrepancy is because of different 

mechanical structures in computed torque control input. In Matlab/Simulink, the simplified model is only for 

single control input u to actuate the cart, but in ODE simulation, we employ this control input u for driving 

four wheels of the cart. Thus, from this implementation, we found different results. 
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Table 2. Comparison of performance indexes and energy delivered for three stabilizing controllers 

Controller 
Performance Index Energy Criterion  

(×103 J) ISE IAE 

FOSMC [34] 0.0013 0.0784 1.010 

STA [36] 0.0010 0.0615 0.846 

ASTA 0.0011 0.0657 0.878 

 

4. CONCLUSION  

In this work, we proposed the Adaptive Super-Twisting Algorithm as an alternative to solve the 

stabilizing control problem for the inverted pendulum system. We present the comparison between the 

proposed controller with existing methods of FOSMC and Super-Twisting Algorithm. To design the 

controller, we obtain the normal form using the standard decoupling method. Based on this normal form, we 

design a sliding surface and Adaptive Super-Twisting controller. In simulation results, we provide two 

different approaches using standard Matlab/Simulink and ODE-based simulations. From these simulations, 

we found that all three controllers can stabilize the pendulum upright. However, the implementation for each 

simulation is different, and then, we found some discrepancies between the two simulation results, especially 

for performance indexes and energy criterion. In graphical figures presented in those two simulations, we 

observe that the STA and ASTA consistently reduced the chattering effect induced when the FOSMC 

approach is applied. We found that the use of STA and ASTA for stabilizing such systems is more energy-

efficient, around 15% compared to FOSMC. Between the two methods (STA and ASTA), we calculate that 

the STA method is 3.7% more efficient than the ASTA method. However, in numerical simulation, those 

figures are almost similar between STA and ASTA. The findings validated Mahjoub's results [27][26], 

although the approach used for obtaining the system's normal form is different from those presented in 

Mahjoub [27][26]. We will continue to work on the same problem for the output-feedback stabilization using 

the same control method in future work. Unlike the approach in this paper, we assume not all state variables 

are available to be measured. Thus, this should be more challenging to design the controller and observer.  
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