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Abstract

This paper investigates a mathematical model of the PI3K/AKT
pathway in acute myeloid leukemia (AML) in the absence of protein
dephosphorylation and AKT degradation. We perform a bifurcation
analysis by using the bifurcation method, which is based on the use of
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the center manifold theory. We give an explicit condition for
the existence of backward and forward bifurcations. Numerical
simulations are presented to support analytical results and then
discussed from both the mathematical and the medical perspectives.

1. Introduction

Phosphoinositide 3-kinase (PI3K)/protein kinase B (PKB) also known
as AKT is an important mediator in the regulation of hematopoiesis.
Constitutive activation of PI3K/AKT signaling pathway has been observed
in acute myeloid leukemia (AML), characterized by abnormal differentiated
and uncontrolled proliferation of immature myeloid cells [1]. FMS-like
tyrosine kinase (FLT3) mutation is the most frequent molecular abnormality
in AML that causes constitutive activation of the PI3K/AKT pathway. AML
is the most common myeloid leukemia in adults that have a poor clinical
outcome, with only about 10% of patients survive. The treatment of
AML mainly based on standard chemotherapy with or without stem cell
transplantation has changed little in the recent decade, among with the
development of small molecules that target the disease on a molecular level
[2-4]. Recently, the US Food and Drug Administration (FDA) approved
midostaurin to treat FLT3 mutated AML [5]. Midostaurin is a small
molecule inhibitor that targets FLT3 which is used in combination with
chemotherapy. Currently, numerous agents are under development for the
treatment of AML as do a novel combination with FLT3 inhibitors, such
as quizartinib, gilteritinib, and selinexor [2, 5]. Therefore, it is important to
understand the most important parameters in the PI3K/AKT pathway, which

have significance in the AML diseases and should be intervened.

Mathematical modeling in the PI3K/AKT pathway can help improve our
understanding of molecular dynamics in this pathway. Motivated by several
recent studies, numerous new agents are under development to treat AML
patients. In previous work, we have developed a mathematical model that
describes the interaction of the protein in the PI3K/AKT pathway on AML
[6]. This modeling result suggested the potential protein in the PI3K/ AKT
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pathway that should be targeted to AML therapy. In this paper, we propose a
new model by ignoring the protein dephosphorylation and AKT degradation
rate. In this model, we consider the fact that in AML, the mechanism of
protein dephosphorylation does not proceed normally, and the degradation
processes of AKT relatively slower than the AKT phosphorylation [7].
Furthermore, in this study, we will perform a qualitative analysis and
indicate that the model undergoes a backward bifurcation by using the
method introduced by Castillo-Chavez and Song in [8].

In a medical point of view, the occurrence of backward bifurcation plays
an important role in disease control and eradication. In a compartment
epidemic model, it has been widely accepted that the condition of basic

reproduction number R is an essential requirement for the elimination
of diseases. If R <1, then the disease-free equilibrium is asymptotically
stable and infection dies out, whereas if Ry >1, then the endemic

equilibrium point is asymptotically stable and the infection persists.

However, the phenomenon of backward bifurcation causes the Rj <1

condition not to be fully adequate as a condition for eradicating the disease.
The backward bifurcation scenario involves a stable disease-free equilibrium
coexists with a stable and unstable endemic equilibrium. Medically, the

backward bifurcation at Ry = 1 makes treatment or control of diseases more

difficult than that of the model which exhibits forward bifurcation. In the
case of forward bifurcation, the infection or diseases usually do not persist

whenever R < 1. Therefore, the occurrence of backward bifurcation has

important implications in many infectious diseases. It has been observed
in several recent studies, either for generic or specific diseases, see [9-14].
Bifurcation analysis in these studies was carried out based on the use of
center manifold theory [8, 15].

Such as in epidemic modeling, in this paper, we aim to provide the
bifurcation threshold and derive conditions in term of parameters of the
system to ensuring the occurrence of backward or forward bifurcation. The
paper is organized as follows. A model of PI3K/AKT pathway in acute



186 Y. A. Adi, L. Aryati, F. Adi-Kusumo and M. S. Hardianti

myeloid leukemia is formulated and analyzed in Section 2. In Section 3, we
determine threshold values and derive sufficient conditions for the scenario
of backward or forward bifurcation. In Section 4, we provide some
numerical simulations to verify the theoretical results obtained in Section 3.
We then make a conclusion and discussion of this study in Section 5.

2. Model Formulation

In this paper, we improved our previous model in [6] by adding
assumption that FOXO3a as a transcriptional regulator always exists in a
certain amount within the nucleus [16]. Then we consider the simplified
model by ignoring the protein dephosphorylation and AKT degradation
rate. This is due to the fact that in AML the mechanism of protein
dephosphorylation does not proceed normally caused by the decrease in a
level of phosphatase or the presence of phosphatase deletions. In addition,
the phosphorylation processes in the activation of AKT occur relatively
faster than the degradation processes. This condition leads us to assume that
the degradation rate of AKT can be neglected. Therefore, we consider the

following system of ODEs:

dx

Tll = kO + b)CS - dlxl,

d 2
Xy kyxx)

2 )
dt K3 +x3

dx; klex%
G 2. 2 b
K2 + X5

dxy k4x3x£
D _ (g~ )| (p — mxy) - 455
d eI

dvs _ kyxsxi(xg — A)

—dSXS. (1)
dt K3 + x3
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The system (1) describes the interactions between PIP3, AKT,
phosphorylated AKT (AKTp), FOXO3a and phosphorylated FOXO3a
(FOXO3ap) in the PI3K/AKT pathway denoted by xj, x5, x3, x4 and xs,
respectively. All the parameter values are positive constants, with the
following interpretation: k( is the formation PIP3 by PI3K, b is the increase
activation PIP3 by FOXO3ap, a, is the AKT production rate, k, and k4 are
the constant rates of AKT and FOXO3a phosphorylation, respectively, K,
and K, are the Michaelis constants of AKT and FOXO3a phosphorylation,
respectively, A is the rest of FOXO3a in the nucleus, p is the FOXO3a

production rate, m is the degradation rate of FOXO3a by 14-3-3 protein,
di, d3 and ds are the degradation rates of PIP3, AKTp and FOXO3ap,

respectively. Next, we want to determine the equilibrium point of the system
(1). In addition, we note that in a healthy cell, there are no FOXO3a in
the cytoplasm so that the AML-free equilibrium point indicates the zero
concentration of FOXO3ap. Therefore, we find that the system (1) admits
the AML-free equilibrium point

Eozk_OKZ— \1‘12“’1“_2[\0 )
i Tt 42

and the other equilibrium point
* * * * * *
Ey; = (X1, x5, X345 X415 X5;), 3)
where

*D ok
« _ ko | Dkgarxy; (xg; — A)
Y=gt 3, 3\’
1 didyds(Kg + xg7)

¥ = Kz\/a2d1d3d5(K2 +x37)
l D)
\/ (koky — apdy)dsds(K3 + X7 ) + bhykgarxi} (x3; — A)
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2
= kaarxa; (xa; = A)

5i 3 3 (4)
dyds(K3 + x37)
and le-, i=1,2,3, 4 is apositive solution of the following equation:
xf;‘ + cyci + czxf +cxy+¢y=0 (5)
with
p arky 3 ng
cg=—:-, =—m, =Kz, ¢=-"—". (6)

m 27 mdy m

Now, we focus on the AML-free equilibrium point £, and investigate
the occurrence of both backward and forward bifurcations. Note that the
equilibrium point E( always exists whenever kyk, — ayd; > 0. For stability

of the equilibrium point E,, we introduce the threshold value I':

r= L, (7)
k4a2A

dy(K3 + A°)

and state the following theorem.

Theorem 2.1. The AML-free equilibrium point E, is locally
asymptotically stable if T < 1 and unstable if T > 1.

Proof. The eigenvalues of Jacobian matrix of system (1) at Ej =

3
[ko KoJardy a3 0] are A, __2Jayd\(koky —aydy) As = —dy

d_l’ VkOkZ - (lzdl ’ d3 kOkZKZdl

7\,3=—d3, l4=p—m[\—

2
% and A5 = —ds. We have four
dy(K3 + A)

eigenvalues that are always strictly negative. We can see that A4 = p

k4612A2

—mA - —— S
d3(K4 +A)

, can be either positive or negative. We found that all
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k4(12/\2

eigenvalues are negative if p < mA + 3 3
d3(Kg + A7)

or I'<1 and Ej is

locally asymptotically stable, and if " > 1, then there is one positive

eigenvalue, so that E| is unstable. This completes the proof.

k4612/\2

From (7), we find that ' = 1 iff p = p* = mA + 3
d3(Kz + A7)

and £

is locally asymptotically stable if p < p*, whereas it loses its stability if
p > p". Furthermore, in the next section, we will perform that the system

(1) can undergo the forward or backward bifurcation at p = p*.

3. Bifurcation Analysis

In this section, we will make use of the bifurcation method introduced
in [8] to derive the sufficient conditions for both backward and forward
bifurcation scenarios. We then claim the following theorem.

Theorem 3.1. The system (1) at T’ = 1 exhibits:

a. Backward bifurcation whenever:

A 2K} >0,

(8)
kaar A(N = 2K3)

5K + P)

m > 0.

b. Forward bifurcation whenever:

A —2K3 <0 )

or

A -2K3 >0,

(10)
kaar AN —2K3)

m < 0.
dy (K3 + A)




190 Y. A. Adi, L. Aryati, F. Adi-Kusumo and M. S. Hardianti

Proof. From the last section, we find that I' =1 associated with
k4a2A2
dy(K3 + AY)’

(Fo, p°) as 2, = _ 2koky —ayd,)yJard (koky — ard) , Ay =—dy, Ay =—ds,

p=p =mA+ and eigenvalues of the Jacobian matrix at

7\,4 =0 and )\.5 =—d5.

Obviously, L4 =0 is a single zero eigenvalue and all other eigenvalues

are real and negative. Thus, E( is a nonhyperbolic equilibrium point and
system (1) can undergo a bifurcation at p=p" =mA +

equivalently at I' = 1). Now, we will determine the eigenvector associated

with the zero eigenvalues A4 = 0.

Let w = (wy, wa, w3, wy, ws)! be the right eigenvector of the matrix

J(Ey, p*). Then

_dlwl + bWS =0,

ard, 2koky — aydy)ard, (koky — azdl)

ko T Kydkoky =0
axd, 2koky — aydy)ard, (koky — azdl) B
ko M Kydikoky dswy =0,
k4612A2

Wy — d5W5 = 0,

Ki+ A

so that

3.3 r
_ aydi Kok dldS(K4 +A) d | (11)
2koky — aydy ) ayd (koky — aydy)” kga, A6 D
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It is easy to show that the left eigenvector of the matrix J(Ey, p*) satisfying

v.w =1 is given by

2
v= o,o,o,%,o. (12)
dids(Kz + A7)

Furthermore, we define the coefficients a and b:

5 62 5 82f
azz ]aa (EO’ )’ bzzvkzaa(Ep)'
ki, j=1 k,i=l

Then considering the components of the right and left eigenvectors w; = 0

and v = v, = v3 =v5 = 0, it follows that

22
f4 (Eg, P*) + vgwywy axlé:?z (Eo» ")

a = V4W1
xl

3%, * 0 /4 *
Bo%s (Eg, p7) + vawyws W(EO’ p)

+ Vawiwy

2 2

0% f, 2 3%/, 4
+ VW =2 (Eg, p*) + vyw3 (Eg, P7)
0Ox,0x; ax2

o . o .
+ VW wy ﬁ(%a P )+ vawyws ﬁ(%, r)

2
o fy ' OJa (g, p*)

+ + E
V4Wwaw ax ax ( 0 P ) V4Wawy ax4ax2

2 2
207 /4 * 0" f4 *
+vawy —==(Eg, p ) + vawyw Ey, p
44 ax‘% ( 0 ) 44 56)646)65( 0 )

a2
+V4W5W1ﬁ( 0> P )+V4W5W28 ax (Eo, p )
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and
o O 0 fa 0 fy 0 fy
b =vum B40p + vawy pr + vy Beadp + v4ws Fxalp
. kqar3x5
In view of (11), (12) and f4 = (x4 = A)| p — mA — —2===-|, we then
K4 + A
get:
3 3 3 3
a4 = 2d1d5(K4 + A ) k4a2A(A — 2K4) —m (13)
bk4£12/\2 d3(K2 + A3)2
and
b=1. (14)

The coefficient b is always positive so that, by applying Theorem 4 in
[8], we may conclude that the system (1) exhibits a backward bifurcation if

3 3 3 3
k4a2A(g\ ?124) —m > 0 and a forward bifurcation if k4a2A(§\ ?124)
d3(K3 + A7) d3(Kj + X))

-m<0.

Hence, for the existence of a backward or a forward bifurcation, we have
kaary A(N - 2K3)
dy (K3 + A°)

the following conditions: if A - 2K2 > 0 and m > 0,

then the system (1) exhibits a backward bifurcation at ' = 1, whereas if: (i)

kyay A(A> - 2K3)

3 3 - 3 3
AN —2K7 <0 or (i) A’ —2K7 >0 and
d3(K3 + A°)

—m < 0, then

the system (1) exhibits a forward bifurcation at I' = 1. This completes the

proof.
4. Numerical Simulations

In this section, we provide a numerical simulation to verify the

theoretical results obtained in the previous section. In the first scenario, we
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consider the set of parameter values:
ko =0.01, 5 =0.0083, d; =0.033, a, =0.09,d3 =0.09, A =0.2, p =0.2,
m=028ky =1, K, =0.1, ky =0.04, K4 =0.1, d5 = 0.125.

With these parameter values, we have the AML-free equilibrium point
Ey =(0.3030303,0.64998,1,0.2,0), and the condition (8) in Theorem 3.1
kaar A(A® —2K3)

is satisfied, that is A’ —2K3 =0.006 > 0, and o m =
d3(K3 + A7)

0.3125 > 0. If the equilibrium point E is continued with respect to a
parameter p, then the system (1) exhibits a backward bifurcation
at p=p" =0233778. The saddle-node bifurcation value is p, =

0.209575955 (see Figure 1). Figure 1 shows that there is an equilibrium
point Ej; which is stable besides AML-free equilibrium point E; when

I' < 1. This indicates that to eliminate the disease, it might not be sufficient
to reduce I' below 1. We can see from Figure 1 that to eliminate the
disease, p must be below 0.2095759556, where at p, = 0.209575955, I, =

0.8964750952. In the interval 0.8964750952 < T <1, we have three
equilibrium points, that is an unstable equilibrium point Ej,, and stable

equilibrium points £7; and Ej.

In the second scenario, by choosing k, = 2, k4 = 0.12 and K4 = 0.2,
and keeping the other parameter values as before, we have E; =
(0.3030303, 0.041761, 1, 0.2, 0) and the condition (9) of Theorem 3.1

1s satisfied, that is A —2K2 = —-0.008 < 0. In this scenario, forward

bifurcation occurs at p = p* = 0.3560000356. Figure 2 shows that when
p < 0.3560000356 or equivalent I' < 1, there is only one stable equilibrium
point, that is AML-free equilibrium point E,. Hence, to eliminate the AML

disease or to prevent AML disease outbreaks, we can identify the value

parameter p necessary to reduce I' below 1. In this case, we also find a
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saddle-node bifurcation at two points, which indicates the occurrence of
an unusual phenomenon of forward bifurcation with hysteresis. The saddle-
node bifurcation values are p; = 0.36082380695 and p, = 0.39276755124
(see Figure 2). Figure 2 shows that the system (1) exhibits a hysteresis

effect where two stable equilibria E;; and Ej, coexist when I' > 1 if

%
p<p <ps
0.25 j

— E“,stable
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=
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Figure 1. Backward bifurcation at p = p* = 0.233778.
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Figure 2. Forward bifurcation at p = p* = 0.3560000356.
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Figure 3. Forward bifurcation at p = p* = 1.9665933277.

As shown in Figure 2, if 0.3560000356 < p < 0.36082380695, then
there is only one stable equilibrium point E;, which has low FOXO3ap
concentration and if p > 0.39276755124, then there is only one stable
equilibrium E;; which has higher FOXO3a concentration. In the last

scenario, we choose K, = 0.15 keeping the other parameters as in the first
scenario. With these parameter values, we have A - 2K2 =0.00125 >0

kaar A(A® = 2K3)

and
(KD 1 NP

m = —0.2027146 < 0, so that the condition (10) in

Theorem 3.1 is satisfied. The system (1) exhibits a forward bifurcation at

p=p" =0.196665933277 (see Figure 3).

As shown in Figure 3, before the bifurcation point, there is only one

stable AML-free disease equilibrium point E(, and after the bifurcation
point, there is one stable equilibrium point £;; and one unstable AML-free
disease equilibrium E,. Hence, it is possible to conclude that, to eradicate
the AML disease, the value of p should be below the bifurcation point
p=p" =0.196665933277.
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5. Discussion and Conclusion

In this paper, we considered a mathematical model of the PI3K/AKT
pathway in acute myeloid leukemia. We found the threshold value I, so that
the AML-free equilibrium point is stable when I' <1 and unstable when
I' > 1. In the previous section, we performed the conditions such that
system (1) undergoes a backward or forward bifurcation at I' = 1. These

conditions are depicted in (8)-(10).

Our analysis suggests that FOXO3a plays an important role in AML
disease and may be used as a gauge in distinguishing between the
occurrences of backward or forward bifurcation. Observe that the Michaelis

constant of AKT phosphorylation K, is the concentration of FOXO3a
for half-maximal phosphorylation FOXO3a by AKT and A is the rest of

FOXO3a in the nucleus. According to Theorem 3.1, forward bifurcation
1

oceurs if A> - 2K 2 <0or A - 2§K4 < 0. This forward bifurcation results
in the existence of AML equilibrium point that is stable after passing the
bifurcation point. Furthermore, AML treatment for this case can be done by
reducing the rate of FOXO3a production, so that " below 1. However, in this
case, a hysteresis phenomenon occurs. At the time of the occurrence of this
phenomenon, medical steps cannot be determined for AML treatment
because when hysteresis occurs, the conditions of proteins are more difficult

to observe.

If A —2K2 > 0, from Theorem 3.1, the system (1) can undergo
backward and forward bifurcations. This occurrence depends on
kyar A(A® - 2K3)

dy(K3 + A*)?

—m which can medically interpret as a difference

between the component of phosphorylated FOXO3a that translocates from
the nucleus to the cytoplasm and the FOXO3a degradation rate. The

backward bifurcation occurs if the factors or components cause FOXO3a
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translocation to the cytoplasm greater than the FOXO3a degradation rate,
whereas, if the FOXO3a degradation rate is larger than the component that
causes translocation of FOXO3a to the cytoplasm, there will be a forward
bifurcation. Based on the bifurcation diagram, in this case, the hysteresis
phenomenon does not appear, so from the medical point of view, the AML
treatment strategy is easier to determine. One component that causes

translocation FOXO3a from the nucleus to the cytoplasm in the expression

is the concentration of AKT phosphorylation, which is expressed as 2—2.
3

Therefore, inhibiting the concentration of AKT phosphorylation can also be
done to reduce the translocation of FOXO3a from the nucleus to the
cytoplasm so that the occurrence of backward bifurcation can be avoided.

However, further research is needed.

Finally, these results suggest that, in AML treatment, the targeted
therapy can be done by targeting the FOXO3a. This is also in accordance
with Zhang et al. [4], which states that leukemia cells depend on the release
of protein, in this case, FOXO3a from the nucleus through phosphorylation
and the return of protein to the nucleus in the presence of normal function of
the tumor suppressor. Therefore, targeting FOXO3a can be combined with
target therapy on FLT3. The combination of target therapy is expected to
restore normal function PI3K/AKT pathway so that the development of
AML cells can be controlled.
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