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Abstract 

In this paper, we observe some topological properties of 2-modular 
spaces. Further, we introduce and characterize a 2-ρ-bounded 2-linear 
operator from a 2-modular space into a normed space as well. 

1. Introduction and Preliminaries 

A modular space has important roles and applications in many areas, 
such as engineering, physics, economics, social sciences, etc. Therefore, it 
gains a lot of attention of many researchers from many fields. A concept of 
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modular spaces was firstly initiated by Nakano in 1950 (see [6, 8, 12]). Later 
on, Mazur and Orlicz [7] and Musielak and Orlicz [9] modified the definition 
of the modular space proposed by Nakano, by avoiding the lattice structure 
in the space X on which the modular is defined as well as the monotonicity 
axiom for the modular. 

As usual, the symbols ,N  R  and ∗R  denote the natural number system, 
the real number system and the extended real number system, respectively. 
As given in [9], we can rewrite the definition of the modular as the 
following. Let X be a real linear space over .R  A nonnegative function 

∗→ρ RX:  is called a modular if for every ,, Xyx ∈  the following 

conditions hold: 

  (i) ( ) 0=ρ x  if and only if ,0=x  

 (ii) ( ) ( ),xx ρ=−ρ  and 

(iii) ( ) ( ) ( )yxyx ρ+ρ≤β+αρ  for every 0, ≥βα  with .1=β+α  

If the condition (iii) is replaced by 

(iii′) ( ) ( ) ( )yxyx βρ+αρ≤β+αρ  for every 0, ≥βα  with ,1=β+α  

then the modular ρ is called a convex modular. A real linear space X 
equipped with a modular ρ, written ( )ρ,X  or X in short, is called a modular 

space. 

Based on the definition of a modular as given above, we can easily check 
that every norm is a modular. Therefore, we can consider a modular as a 
generalization of a norm. As consequences, many concepts in normed spaces 
can be generalized into modular spaces. 

In an earlier paper ([2] and [3]), Gahler introduced a concept of 2-norm 
spaces and n-norm spaces. One knows that every n-norm can define an 

1−n -norm. See [4] and [5]. Inductively, from an n-norm, we can derive a 
norm. Further, based on the theory of Gahler, Chu et al. [1] characterized         
2-isometries on 2-norm spaces. Srivastava et al. [11] characterized linear         
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n-functionals in n-norm spaces. Moreover, they formulated the extension of 
Hanh-Banach theorem for linear n-functionals in n-norm spaces. 

Modular spaces are closed related to normed spaces [12]. Meanwhile, as 
mentioned before, any n-norm can define a norm ([4, 5]). Based on these 
facts and analogously to the definition of an n-norm, Nourouzi and 
Shabanian [10] defined a notion of n-modular spaces. In the present paper, 
we observe some topological properties of 2-modular spaces. We also 
introduce a definition of a 2-ρ-bounded 2-linear operator from a 2-modular 
space into a normed space. Furthermore, some properties of a 2-ρ-bounded 
2-linear operator from a 2-modular space into a normed space are observed 
as well. 

2. 2-modular Spaces 

As usual, symbols ,N  R  and ∗R  denote a natural numbers system, a 

real number system and an extended real numbers system, respectively. For 
any linear space X, ( )Xdim  means the dimension of X. In this paper, we 

always assume that for any linear space X, the ( ) ,2dim ≥X  unless otherwise 

mentioned. 

Further, we give a definition of a 2-modular, analogously with those of a 
2-norm. 

Definition 2.1. Let X be a real linear space with ( ) .2dim ≥X  A real 

valued function ( ) ∗→×⋅⋅ρ RXX:,  is called a 2-modular on X if 

   (i) ( ) 0, =ρ yx  if and only if x and y are linearly dependent, 

  (ii) ( ) ( )xyyx ,, ρ=ρ  for every ,, Xyx ∈  

 (iii) ( ) ( )xyyx ,, ρ=−ρ  for every ,, Xyx ∈  and 

 (iv) ( ) ( ) ( )zyzxzyx ,,, ρ+ρ≤β+αρ  for every Xzyx ∈,,  and for 

every 0, ≥βα  with .1=β+α  



Burhanudin Arif Nurnugroho, Supama and Atok Zulijanto 3196 

If the condition (iv) is replaced by 

(iv′) ( ) ( ) ( )zyzxzyx ,,, βρ+αρ≤β+αρ  for every Xzyx ∈,,  and for 

every 0, ≥βα  with ,1=β+α  

then ( )⋅⋅ρ ,  is called a convex 2-modular. 

It is easy to prove that ( ) 0, ≥ρ yx  for every ., Xyx ∈  Moreover, 

following the condition (i) in Definition 2.1, we have 

 (i) ( ) 00, =ρ x  for every ,Xx ∈  and 

(ii) if ( ) 0, =ρ yx  for every ,Xy ∈  then .0=x  

Following are examples of 2-modulars. 

Example 2.2. Let .2R=X  If the function ∗→×ρ RXX:  is defined 

by 

( ) ,abs,
21

21 ⎟
⎠
⎞

⎜
⎝
⎛=ρ

yy
xx

yx  

then ρ is a 2-modular on X. 

Example 2.3. Let X be a real linear space and ⋅⋅,  a 2-norm on X. Then 

( ) ( )∫ −=ρ
yx t dteyx

,

0
1,  

is a 2-modular on X. 

It can be seen that every 2-norm on a linear space X is a 2-modular, but 
the converse is not true. 

Example 2.4. Let .2R=X  If the function ∗→×ρ RXX:  is defined 

by 

( ) ,abs,
21

21 ⎟
⎠
⎞

⎜
⎝
⎛=ρ

yy
xx

yx  

then ρ is a 2-modular on X. However, ρ is not a 2-norm on X. 
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Theorem 2.5. Any 2-modular on a real linear space X generates a 
modular on X. 

Proof. Let ( )⋅⋅ρ ,  be a 2-modular on a real linear space X. Take           

any linearly independent set of vectors { }21, aa  on X. Define a function 
∗→σ RX:  by 

( ) ( ) ( ){ },,,,max 21 axaxx ρρ=σ  

then ( ) ( )xx σ=−σ  for every Xx ∈  and 

( ) ( ) ( ){ }21 ,,,max0 axaxx ρρ⇔=σ  

( ) ( ) 0,, 21 =ρ=ρ⇔ axax  

{ }1, ax⇔  and { }2, ax  are linearly dependent 

,0=⇔ x  

since { }21, aa  is linearly independent. Now, let Xyx ∈,  and 0, ≥βα  be 

such that .1=β+α  Then 

( ) ( ) ( ){ }21 ,,,max ayxayxyx β+αρβ+αρ=β+ασ  

( ) ( ){ } ( ) ( ){ }2121 ,,,max,,,max ayayaxax ρρ+ρρ≤  

( ) ( ).yx σ+σ=  

Thus, the function σ is a modular.  

The following theorem describes some basic properties of a 2-modular. 

Theorem 2.6. If ρ is a 2-modular on a real linear space X, then 

  (i) ( ) ( )yxyx ,, ρ≤λρ  for every Xyx ∈,  and .1≤λ  

 (ii) ( )∑∑ == ρ≤⎟
⎠
⎞⎜

⎝
⎛ λρ n

k k
n
k kk yxyx 11 ,,  for every ,kx  Xy ∈  and 

,...,,2,1,0 nkk =≥λ  with ∑ = =λn
k k1 .1  
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(iii) ( ) ( )yxyx ,, βρ≤αρ  for every Xyx ∈,  and R∈βα,  with 

.0 β≤α<  

Proof. (i) It is trivial for 0=λ  or .1=λ  Now, let .10 <λ<  Then 

( ) ( )( ) ( ).,,01, yxyxyx ρ≤λ−+λρ=λρ  

Moreover, following the condition (iii) in Definition 2.1, then we have 

( ) ( ),,, yxyx ρ≤λρ  

for every .01 <λ<−  So, (i) is proved. 

 (ii) We are going to prove (ii) by mathematical induction. It is true for 
yxx ,, 21  and 0, 21 ≥λλ  with ,121 =λ+λ  because of the condition (iv) in 

Definition 2.1. Assume that it is true for yxxx n ,...,,, 21  and nλλλ ...,,, 21  

0≥  with ∑ = =λn
k k1 .1  Then 

( )∑∑
==

ρ≤
⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛
λρ

n

k
k

n

k
kk yxyx

11
.,,  

Now, take any Xyxxx n ∈+ ,...,,, 121  and 0...,,, 121 ≥λλλ +n  such that 

∑ +
= =λ1

1 ,1n
k k  then there is a positive integer ,11, +≤≤ njj  such that 

.0≠λ j  So, we have 

( ) ⎟
⎟

⎠

⎞

⎜
⎜

⎝

⎛
λ+

λ−
λ

λ−ρ=⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛
λρ ∑∑

+

≠=

+

=

1

,1

1

1
,11,

n

jkk
jj

j
kk

j

n

k
kk yxxyx  

( ) ( )yxyx
j

n

jkk j
kk

j ,,11
1

,1
ρ+⎟

⎟

⎠

⎞

⎜
⎜

⎝

⎛

λ−
λ

λ−ρ≤ ∑
+

≠=

 

( ) ( ) ( )∑ ∑
+

≠=

+

=

ρ=ρ+ρ≤
1

,1

1

1
.,,,

n

jkk

n

k
kjk yxyxyx  
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(iii) Following condition (iv) in Definition 2.1, then the assertion 
follows.  

Let X be a real linear space. A 2-modular ρ on X is said to satisfy the  

2Δ -condition if there exists a constant 0>K  such that ( ) ( )yxKyx ,,2 ρ≤ρ  

for every ., Xyx ∈  The 2-modular ρ as given in Example 2.4 satisfies the 

2Δ -condition. However, the 2-modular ρ as given in Example 2.3 does not 

satisfy the 2Δ -condition. 

Throughout this paper, we always assume that the 2-modular ρ satisfies 
the 2Δ -condition. 

Let ρ be a 2-modular on a real linear space X. We define 

 ( ){ }.anyforand0somefor,,: XyyxXxX ∈>λ∞<λρ∈=ρ  (2.1) 

It can easily be proved that ρX  is a real linear space. Moreover, ρX  is a         

2-modular space with respect to ρ. We can also prove that ( ) ∞<ρ yx,  for 

every ρ∈ Xx  and for every .Xy ∈  

Throughout this paper, ρX  is always meant as given in (2.1). 

3. Topological Properties of 2-modular Spaces 

In this section, we introduce some topological concept with respect to          
a 2-modular. We begin our discussion by giving a notion of 2-modular 
convergent sequences in the space .ρX  

Let ρX  be a 2-modular space. A sequence { }nx  in ρX  is said to be         

2-modular convergent (or ρ-convergent) to some ,ρ∈ Xx  denoted by 

,lim xxn =−ρ  

if for every ( ) ,0,lim, =−ρ∈ ρ yxxXy n  i.e., for every ,0>ε  there exists 

an N∈N  such that for any integer ,Nn ≥  we have ( ) ., ε<−ρ yxxn  In 
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this case, the vector x is called a 2-modular limit (ρ-limit) of the sequence 
{ }.nx  

Example 3.1. Let X and ρ be as given in Example 2.4. It is clear that 

.XX =ρ  Let ⎟
⎠
⎞⎜

⎝
⎛= 0,1

nxn  for every N∈n  and ( ).0,0=x  For any 

( ) ,, 21 Xyyy ∈=  we have 

( ) .01
abs, 2

21
n
y

yy
nyxxn =

⎟
⎟

⎠

⎞

⎜
⎜

⎝

⎛
=−ρ  

Given ,0>ε  we can choose a positive integer N such that .2 ε<N
y  

Hence, the sequence { }nx  ρ-converges to x. 

We observe some basic properties of the ρ-convergence of a sequence in 
any 2-modular space. Let us see the following theorems: 

Theorem 3.2. Let ρX  be a 2-modular space and { }nx  be a sequence in 

.ρX  If { }nx  is ρ-convergent, then its ρ-limit is unique. 

Proof. Since the 2-modular ρ satisfies the 2Δ -condition, there exists a 

constant 0>K  such that 

( ) ( ),,,2 yxKyx ρ≤ρ  

for every ., ρ∈ Xyx  Given any .0>ε  Suppose { }nx  ρ-converges to x and 

z in .ρX  For any ,ρ∈ Xy  there exists an N∈N  such that 

( ) KyxxN 2, ε<−ρ    and   ( ) .2, KyzxN
ε<−ρ  

These imply 

 ( ) ( )( ) ( )( ) .,2,2, ε<−ρ+−ρ≤−ρ yzxyxxyzx NN  (3.1) 

Since the expression (3.1) holds for any ,0>ε  we obtain ( ) 0, =−ρ yzx  

for every .ρ∈ Xy  This implies .zx =   



2-linear Operators on 2-modular Spaces 3201 

Theorem 3.3. Let ρX  be a 2-modular space and { }nx  be a sequence in 

.ρX  If for every ( ) ( ) 0,lim,lim, =−ρ=−ρ∈ ρ zyxzxxXz nn  for some 

,, ρ∈ Xyx  then 

 (i) ( ) 0, =α−αρ zxxn  for every real number α, and 

(ii) ( ) ( )( ) .0, =+−+ρ zyxyx nn  

Proof. Since the 2-modular ρ satisfies the 2Δ -condition, there exists a 

constant 0>K  such that ( ) ( )yxKyx ,,2 ρ≤ρ  for every ., ρ∈ Xyx  

 (i) It is trivial for .0=α  Let 0>α  be an arbitrary, there is a positive 

integer p such that .2 p<α  Given .0>ε  Since ( ) ,0, =−ρ zxxn  there 

exists an N∈N  such that for every ,Nn ≥  we have ( ) ., pn
K

zxx ε<−ρ  

This implies 

( ) ( ( ) ) ( ) .,,2, ε<−ρ≤−ρ≤α−αρ zxxKzxxzxx n
p

n
p

n  

In other words, ( ) .0,lim =α−αρ zxxn  Moreover, following the condition 

(iii) in Definition 2.1, we obtain ( ) 0,lim =α−αρ zxxn  for every .R∈α  

(ii) Since 

( ) ( )( ) ( )( ) ( )( )zyyzxxzyxyx nnnn ,2,2, −ρ+−ρ≤+−+ρ  

( ) ( )( ),,, zyyzxxK nn −ρ+−ρ≤  

the assertion follows.  

A sequence { }nx  in ρX  is called a ρ-Cauchy sequence if for every 

,0>ε  there is a positive integer N such that 

( ) ,, ε<−ρ yxx mn  

for every ., Nnm ≥  The correlation between ρ-convergent and ρ-Cauchy 

sequences is formulated in the following theorem: 
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Theorem 3.4. Every ρ-convergent sequence in ρX  is a ρ-Cauchy 

sequence. 

Proof. We can choose a constant 0>K  such that ( ) ( )yxKyx ,,2 ρ≤ρ  

for all ,, ρ∈ Xyx  since the 2-modular ρ satisfies the 2Δ -condition. Now, 

let { }nx  be any sequence in ρX  that ρ-converges, say to some .ρ∈ Xx  

Given any 0>ε  and ,rhoXy ∈  then there is a positive integer N such that 

( ) Kyxxn 3, ε<−ρ  for every .Nn ≥  Further, for any ,, Nnm ≥  we have 

( ) ( )( ) ( )( )yxxyxxyxx mnmn ,2,2, −ρ+−ρ≤−ρ  

( ) ( )( ) .,, ε<−ρ+−ρ≤ yxxyxxK mn  

So, the proof is complete.  

We also characterize ρ-Cauchy sequences, as given in the following 
theorem: 

Theorem 3.5. A sequence { }nx  in ρX  is ρ-Cauchy if and only if { }nxα  

is a ρ-Cauchy sequence for all .R∈α  

Proof. (⇐:) By taking ,1=α  the assertion follows. 

(⇒:) It is trivial for .0=α  Let 0>α  be an arbitrary. Then there is a 

positive integer p such that .2 p<α  Since the 2-modular ρ satisfies the 2Δ -

condition, there is a constant 0>K  such that ( ) ( )yxKyx ,,2 ρ≤ρ  for all 

., ρ∈ Xyx  

Let { }nx  be a ρ-Cauchy sequence. Given 0>ε  and ,ρ∈ Xy  there exists 

an N∈N  such that for every ,, Nnm ≥  we have ( ) ., pmn
K

yxx ε<−ρ  

This implies 

( ) ( ( ) ) ( ) .,,2, ε<−ρ≤−ρ≤α−αρ yxxKyxxyxx mn
p

mn
p

mn  
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In other words, { }nxα  is a ρ-Cauchy sequence. Moreover, following the 

condition (iii) in Definition 2.1, we obtain { }nxα  is a ρ-Cauchy sequence for 

every .R∈α   

4. 2-linear Operators 

Let X be a real linear space. A notation 2X  is meant .XX ×  The 
following definition refers to [1, 11]. 

Definition 4.1. Let X and Y be real linear spaces. An operator 2: XT  
Y→  is said to be 2-linear if for every Xvuyx ∈,,,  and ,, R∈βα  the 

following conditions hold: 

 (i) ( ) ( ) ( ) ( ) ( ).,,,,, vyTuyTvxTuxTvuyxT +++=++  

(ii) ( ) ( ).,, yxTyxT αβ=βα  

Analogous to the definition of a 2-bounded 2-linear operator on 2-norm 
spaces, we define a 2-ρ-bounded 2-linear operator on 2-modular spaces. Let 

ρX  be a 2-modular space and Y be a normed space. A 2-linear operator 

YXT →ρ
2:  is said to be 2-ρ-bounded if there exists a real constant 0>M  

such that 

( ) ( ),,, yxMyxT ρ≤  

for every ., ρ∈ Xyx  Let us consider the following example. 

Example 4.2. Let X and ρ be as given in Example 2.2. Note that 

.XX =ρ  If an operator R→ρ
2: XT  is defined by 

( ) ,,,,
21

21
ρ∈= Xyx

yy
xx

yxT  
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then we can show that T is a 2-linear operator. Moreover, since 

( ) ( )yx
yy
xx

yxT ,abs,
21

21 ρ=⎟
⎠
⎞

⎜
⎝
⎛=  

for every ,, ρ∈ Xyx  T is 2-ρ-bounded. 

Let ρX  be a 2-modular space and Y be a normed space. If YXT →ρ
2:  

is a 2-ρ-bounded linear operator, then it is easy to prove that ( ) 0, =yxT  for 

every ρ∈ Xyx,  which are linearly dependent. The collection of all 2-ρ-

bounded linear operators YXT →ρ
2:  will be denoted by ( ).,2 YXB ρ  It is 

easy to check that ( )YXB ,2
ρ  is a real linear space. Moreover, one can define 

a function ( ) ∗
ρ →σ RYXB ,: 2  by 

 ( ) ( )
( ) ( ) .0,,,:,

,sup
⎭
⎬
⎫

⎩
⎨
⎧ ≠ρ∈

ρ
=σ ρ yxXyxyx

yxTT  (4.1) 

The theorem below shows that the function σ as given in (4.1) is a 
modular. 

Theorem 4.3. The function ( ) ∗
ρ →σ RYXB ,: 2  as given in (4.1) is a 

modular on ( ).,2 YXB ρ  

Proof. (i) If ,0=T  then the definition of σ is obviously followed by 
( ) .0=σ T  Conversely, if ( ) ,0=σ T  then ( ) 0, =yxT  for all ρ∈ Xyx,  

which are not linearly dependent. Since ( ) 0, =yxT  for every ρ∈ Xyx,  

which are linearly dependent, we get ( ) 0, =yxT  for every ., ρ∈ Xyx  

Hence, .0=T  

 (ii) It is clear that ( ) ( )TT σ=−σ  for every ( ).,2 YXBT ρ∈  

(iii) Take any ( )YXBTS ,, 2
ρ∈  and 0, ≥βα  such that .1=β+α  

Then 
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( ) ( ) ( )
( ) ( )

⎭
⎬
⎫

⎩
⎨
⎧ ∈≠ρ

ρ
β+α

=β+ασ ρXyxyxyx
yxTyxSTS ,,0,:,

,,sup  

( )
( ) ( )

⎭
⎬
⎫

⎩
⎨
⎧ ∈≠ρ

ρ
α≤ ρXyxyxyx

yxS ,,0,:,
,sup  

( )
( ) ( )

⎭
⎬
⎫

⎩
⎨
⎧ ∈≠ρ

ρ
β+ ρXyxyxyx

yxT ,,0,:,
,sup  

( ) ( ).TS σ+σ≤  

From (i), (ii) and (iii), the assertion follows.  

The following theorem states necessary and sufficient conditions so        
that a 2-linear operator from a 2-modular space into a normed space is           
2-ρ-bounded. 

Theorem 4.4. Let ρX  be a 2-modular space and Y be a normed space.  

A 2-linear operator YXT →ρ
2:  is 2-ρ-bounded if and only if there is a 

constant 0>M  such that 

( ) ( ) ( ) ( ){ }vyuyuxMvuTyxT −ρ+−ρ≤− ,,,,  

and 

( ) ( ) ( ) ( ){ }vyxvuxMvuTyxT −ρ+−ρ≤− ,,,,  

for all .,,, ρ∈ Xvuyx  

Proof. (⇒:) Since T is 2-ρ-bounded, there exists a real constant 0>M  

such that 

( ) ( ),,, yxMyxT ρ≤  

for every ., ρ∈ Xyx  Take any ,,,, ρ∈ Xvuyx  we have 

( ) ( ) ( ) ( )vyuTyuxTvuTyxT −−−=− ,,,,  

( ) ( ){ }vyuyuxM −ρ+−ρ≤ ,,  
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and 

( ) ( ) ( ) ( )vyxTvuxTvuTyxT −−−=− ,,,,  

( ) ( ){ }.,, vyxvuxM −ρ+−ρ≤  

(⇐:) It is obvious.  

Theorem 4.5. Let ρX  be a 2-modular space and Y be a normed space. If 

for any 2-linear operator ( )TYXT σ→ρ ,: 2  is as defined in (4.1), then 

( ) { ( ) ( ) }.,,,,:0inf ρ∈ρ≤>=σ XyxyxMyxTMT  

Proof. Since ( ) ( ) ( )yxTyxT ,, ρσ≤  for every ,, ρ∈ Xyx  

{ ( ) ( ) } ( ).,,,,:0inf TXyxyxMyxTM σ≤∈ρ≤> ρ  

Conversely, if { ( ) ( ) },,,,,:0inf ρ∈ρ≤>= XyxyxMyxTMK  then 

( )
( ) Kyx

yxT
≤

ρ ,
,  

for every ρ∈ Xyx,  with ( ) .0, ≠ρ yx  Hence, ( ) .KT ≤σ   

Let ρX  be a 2-modular space and Y be a normed space. An operator 

YXT →ρ
2:  is said to be ( )ρ,n -continuous at ( ) 2

00, ρ∈ Xyx  if for every 

real number ,0>ε  there exists a 0>δ  such that for every 2, ρ∈ Xyx  with 

 (i) ( ) δ<−ρ 00 , yxx  and ( ) ,, 0 δ<−ρ yyx  or 

(ii) ( ) δ<−ρ yxx ,0  and ( ) ,, 00 δ<−ρ yyx  

we have ( ) ( ) .,, 00 ε<− yxTyxT  The operator T is said to be ( )ρ,n -

continuous on 2
ρ⊂ XE  if it is ( )ρ,n -continuous at every ( ) ., Eyx ∈  And 

T is said to be ( )ρ,n -continuous if it is ( )ρ,n -continuous on .2
ρX  
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Example 4.6. Let ,,, ρρ XX  and R→ρ
2: XT  be as given in Example 

4.2. Take any ( ) ., 2
00 ρ∈ Xyx  For any ( ) ,, 2

ρ∈ Xyx  we have 

( ) ( ) ( ) ( )00000 ,,,, yyxyxxyxTyxT −ρ+−ρ≤−  

and 

( ) ( ) ( ) ( ).,,,, 00000 yyxyxxyxTyxT −ρ+−ρ≤−  

Thus, T is ( )ρ,n -continuous at ( )., 00 yx  

Theorem 4.7. Let ρX  be a 2-modular space and Y be a normed space.  

If a 2-linear operator YXT →ρ
2:  is 2-ρ-bounded, then it is ( )ρ,n -

continuous. 

Proof. By Theorem 4.4, the assertion follows.  

By adding the convex property to the 2-modular ρ, we can prove the 

equivalence between 2-ρ-boundedness and ( )ρ,n -continuity of a 2-linear 

operator .: 2 YXT →ρ  For proving this, we need the following lemma: 

Lemma 4.8. Let ρX  be a 2-modular space and Y be a normed space. A 

2-linear operator YXT →ρ
2:  is ( )ρ,n -continuous at ( ) 20,0 ρ∈ X  if and 

only if for any sequence ( ){ }nn yx ,  that satisfies ( ) ,0,lim =ρ nn yx  we have 

( ) .0,lim =nn yxT  

Proof. The proof is standard, so it is omitted.  

Theorem 4.9. Let ρX  be a 2-modular space with ρ be convex, Y be             

a normed space, and YXT →ρ
2:  be a 2-linear operator. The following 

statements are equivalent: 
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  (i) The operator T is ( )ρ,n -continuous. 

 (ii) The operator T is ( )ρ,n -continuous at ( ).0,0  

(iii) The set ( ) ( ){ }1,:, ≤ρ yxyxT  is bounded. 

(iv) The operator T is 2-ρ-bounded. 

Proof. (i) ⇒ (ii) is obvious. (iv) ⇒ (i) follows from Theorem 4.7. What 

remains to show are (ii) ⇒ (iii) and (iii) ⇒ (iv). 

(ii) ⇒ (iii) Suppose the set ( ) ( ){ }1,:, ≤ρ yxyxT  is unbounded. Then 

for every ,N∈n  there exists ( ) 2, ρ∈ Xyx nn  such that ( ) ,1, ≤ρ nn yx  but 

( ) ., 2nyxT nn ≥  

Set n
xu n

n =  and ,n
yv n

n =  then 

( ) ( ) .1,1, 22 n
yx

n
vu nnnn ≤ρ≤ρ  

This follows from the convexity of ρ. So, ( ) .0,lim =ρ nn vu  By Lemma 4.8, 

it must be ( ) .0,lim =nn yxT  However, it is impossible because 

( ) ( ) .1,1, 2 ≥= nnnn yxT
n

vuT  

So, ( ) ( ){ }1,:, ≤ρ yxyxT  is bounded. 

(iii) ⇒ (iv) By the hypothesis, there exists 0>M  such that ( )yxT ,  

,M≤  whenever ( ) .1, ≤ρ yx  
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Take any ( ) ., 2
ρ∈ Xyx  It is trivial if ( ) .1, ≤ρ yx  If ( ) ,1, >ρ yx  then 

by the convexity of ρ, 

( )
( ) .1,

, ≤⎟
⎠
⎞⎜

⎝
⎛
ρ

ρ yx
yx  

Hence, 

( ) ( )yxMyxT ,, ρ≤  

and the proof is finished.  
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