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On the existing of fully invariant submodule

P W Prasetyo, Widayati, D A Yuwaningsih
Mathematics Education Department, Universitas Ahmad Dahlan
Kampus 4 UAD, Jalan Lingkar Selatan, Tamanan, Bantul 55191, Daerah Istimewa Yogyakarta

E-mail: puguh.prasetyo@pmat.uad.ac.id

Abstract. Let M be a nonzero R−module, where R is a ring. A submodule U of M is called
a fully invariant submodule if f(U) ⊆ U for every f ∈ S, where S = EndR(M). Moreover, M is
called an ⊕−supplemented module if every submodule N of M there exists a submodule K of
M such that K is a direct summand of M , M = N +K, and N ∩K is small in M . Furthermore,
M is called a cms−module if for every cofinite submodule K of M , there exist submodules P
and Q of M such that P is a supplement of K, P + Q = M , and P ∩ Q is a small submodule
in Q. In fact, factor module of a ⊕−supplemented module (respectively, cms−module) is not
⊕−supplemented (respectively, is not cms) in general. In this paper, we show that factor
module of ⊕−supplemented module (respectively, cms−module) determined by fully invariant
submodule is also ⊕−supplemented (respectively, cms). Moreover, we generate a fully invariant
submodule by using radical of a module.

1. Introduction
Throughout this paper, all rings are considered to be associative with identity and all modules
are unitary left module. Let A be any ring and let M be any A−module. A submodule N
of M is called a small submodule if N + L ⊂ M for any proper submodule L of M . Some
notions on small submodules were described in [1]. A submodule N is called a prime submodule
if N is a proper submodule of M and for every a ∈ A,m ∈ M , if am ∈ N then m ∈ N or
a ∈ (N : M)A where (N : M)A = {a ∈ A|aM ⊆ N}. If {0M} is an A−submodule of M , then
M is called a prime A−module. A prime submodule N of M is called s−prime if R/(N : M)
contains no nonzero nil ideals. Furthermore, a proper submodule N of M is called an l−prime
submodule of M if for any I ideal of A, L submodule of M and for every finite subset In of
I there exists a natural number m such that for any product a1ia2i...ami of elements from In,
(a1ia2i...ami)L ⊆ N gives L ⊆ N or I ⊆ (N : M). The definition of l−prime submodule is
derived from the definition of l−prime ideal. An ideal I of a ring R is l−prime if given p, q ∈ I,
there exists elements p1, p2, ..., pn ∈ 〈p〉 and q1, q2, ..., qn ∈ 〈q〉 such that for every p > 1 there
exists a product of N ≥ p factors which consist of p′is and b′js such that p′is and b′js are not in
I. The relationship between prime, s−prime, and l−prime submodules are presented in [2].

The Jacobson (respectively, the prime, the Levitzki, the upper nil) radical of M is denoted
by J (M) (respectively, P(M),L(M),N (M)) and it is defined as the the sum of all small
submodules of M(respectively, intersection of all prime submodules, intersection of all l−prime
submodules, intersection of all s−prime submodules). In fact, in commutative case, let M be
any A−module. It has been already known in [2] that P(M) = L(M) = N (M) when A is a
commutative ring.
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On the other hand, a submodule N of an A−module M is called a supplement for a submodule
L of M if N is minimal with respect to the property N +L = M . If every submodule of M has
a supplement, then the module M is called a complemented module or a supplemented module.
Moreover, if every submodule of M has a supplement which is a direct summand of M , then M
is called an ⊕−supplemented module.

Let D be an integral domain and let F be the field fractions of D. The integral domain D
is called a valuation ring if for every x ∈ F implies x ∈ D or x−1 ∈ D. A ring A is said to be
local if A has a uniqe maximal ideal. It follows from the Example 2.2 in [1] that there exists a
finitely presented indecomposable module M = An/K which is not an ⊕−supplemented module
for some natural numbers n ≥ 2, where A is a commutative local ring which is not a valuation
ring. In fact, the ring An is an ⊕−supplemented module. Hence, every module factor of any
⊕−supplemented module is not an ⊕−supplemented module in general. Advanced properties of
⊕−supplemented modules are given in [3]. On the other hand, more about the basic properties
of rings and modules can be found in [4–13]. In this paper, we give a direct consequence of the
existing of a fully invariant submodule.

2. Results and Discussion
The following proposition explains the property of a submodule X of an R−module M such
that f(X) ⊆ X for every endomorphism f of M .

Proposition 1. [1] Let M be a nonzero R−module and let X be a submodule of M such that
f(X) ⊆ X for every f ∈ S, where S = EndR(M) is the set of all endomorphism of M . If
M = M1 ⊕M2, then X = (X ∩M1)⊕ (X ∩M2).

Proof. See Lemma 2.4 in [1]

Proposition 2. [1] Let M be a nonzero module and let X be a submodule of M such that
f(X) ⊆ U for every f ∈ S, where S = EndR(M) is the set of all endomorphism of M . If M
is ⊕−supplemented, then so is M/X. Furthermore, if X is a direct summand of M , then X is
also ⊕−supplemented.

Proof. See Proposition 2.5 in [1]

Recall the definition of a fully submodule. A submodule N of an R−module M is called fully
invariant submodule if f(N) ⊆ N for every endomorphism f of M . Hence, we therefore have
the following theorem as a direct consequence of the existing of a fully invariant submodule.

Theorem 1. Let M be a nonzero R−module and let U be a fully invariant submodule of M and
M = M1 ⊕M2, then U = (U ∩M1)⊕ (U ∩M2).

Proof. Let M be any nonzero R−module and assume that U is a fully invariant submodule
of M . Suppose M = M1 ⊕M2. Then there exist canonical projections, α1 : M → M1 and
α2 : M → M2. Since M = M1 ⊕M2, x = α1(x) + α2(x) for every x ∈ M . It is clear that
α1, α2 ∈ End(M). Furthermore, since U is a fully invariant submodule of M , α1(U) ⊆ U and
α2(U) ⊆ U . Therefore, α1(x) ∈ M1 ∩ U and α2(x) ∈ M2 ∩ U . Hence U is a submodule of
M1 ∩ U ⊕M2 ∩ U . Conversely, the opposite, it is obvious. So, U = M1 ∩ U ⊕M2 ∩ U

As a direct consequence of Proposition 2, we have the following theorem.

Theorem 2. Let M be a nonzero R−module and let U be a fully invariant submodule of M . If
M is ⊕−supplemented, then so is M/U . Moreover, if U is a direct summand of M , then U is
also ⊕−supplemented.
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Proof. Suppose M is a ⊕−supplemented modul, let U be a fully invariant of M , and let K
be a submodule of M containing U . Since M is a ⊕−supplemented module, there exist P,Q
submodules of M such that M = P ⊕ Q,M = K + P and K ∩ P is a small submodule in M .
This gives P +U/U is a supplement of K/U in M/U . Now, we have to show that P +U/U is a
direct summand of M/U . It follows from 1 that U = U ∩P ⊕U ∩Q. This gives (P +U)∩(Q+U)
is a submodule of (P + U + Q) ∩ U + (P + U + U) ∩ Q. Therefore, (P + U) ∩ (Q + U) is a
submodule of U + (P +U ∩P +U ∩Q)∩Q. Furthermore, (P +U)∩ (Q+U) is a submodule of
U . Since ((P +U)/U)⊕ (Q+U/U)) = M/U , (P +U) is a direct summand of M/U . Therefore,
M/U is ⊕−supplemented.

Moreover, suppose that U is a direct summand of M and let N be a submodule of U ,
we have to show that N has a supplement which is a direct summand of U . Since M is an
⊕−supplemented module, there exist submodules K and L of M such that M = K ⊕ L,M =
K + L and N ∩K is small in K. This gives U = V + U ∩K. However, U = U ∩K ⊕ U ∩ L.
Therefore, U ∩K is a direct summand of U . Furthermore, N ∩ (U ∩K) is a small submodule
in K. Hence, V ∩ (U ∩K) is small in U ∩K. This implies U ∩K is a supplement of N in U .
So, we can infer that U is also an ⊕−supplemented module.

Let M be an R−module and let K and L be any submodules of M such that M = K+L. The
submodule L of M is called a generalized supplement of K if (K ∩ L ⊆ J (L)). An R−module
M is called generalized ⊕−supplemented module if every supmodule of M has a generalized
supplement which is a direct summand of M . Some properties of generalized ⊕−supplemented
modules are given in [14].

Theorem 3. Let M be a nonzero R−module and let U be a fully invariant submodule of M . If
M is generalized ⊕−supplemented, then so is M/U . Furthermore, if U is a direct summand of
M , then U is also generalized ⊕−supplemented.

Proof. Suppose M is an R−module which is a generalized ⊕−supplemented module and let U
is a fully invariant submodule of M . It follows from Proposition 3.5 (1) described in [14] that
U satisfies the assumption. Hence M/U is a generalized ⊕−supplemented module. Moreover, if
U is a direct summand of M . By using Proposition 3.5 (2) in [14], we may infer that U is also
a generalized ⊕−supplemented module.

The most important things in abstract algebra is a concrete example which satisfies the
assumption. When the example does not exist, the assumption is only imagination. Now,
we give some examples of fully invariant submodules. Some submodules are naturally fully
invariants.

Theorem 4. Let M be a nonzero R−module. Then J (M), N (M), L(M) and P(M) are fully
invariant submodule of M , where J (M) is the Jacobson radical of M , N (M) is the Nilradical
of M , L(M) is the Levitzki radical of M , and P(M) is the prime radical of M .

Proof. Let M be a nonzero R−module and let f be any members of the set End(M) of all
endomorphism of M . Then f(J (M)) = J (f(M)) ⊆ J (M). Analogously for the Niradical
N (M) of M , the prime radical P(M) of M , and the Levitzki radical L(M) of M .

As a direct consequence of Theorem 4, we have the following theorem.

Theorem 5. Let M be a nonzero R−module. If M is ⊕−supplemented module, then
M/J (M),M/P(M),M/N (M),M/L(M) are ⊕−supplemented module.

Proof. Since J (M) and P(M) are fully invariant submodules of M , it follows from Theorem 4,
M/J (M),M/P(M),M/N (M),M/L(M) are ⊕−supplemented module.



The Sixth Seminar Nasional Pendidikan Matematika Universitas Ahmad Dahlan 2018

IOP Conf. Series: Journal of Physics: Conf. Series 1188 (2019) 012010

IOP Publishing

doi:10.1088/1742-6596/1188/1/012010

4

On the other hand, every ring can be viewed as a module over itself. In the following
proposition, a necessary and sufficient condition for a submodule of an A−module M to be
l−prime submodule and a necessary and sufficient condition for a ring with identity R to be
l−prime ring are given.

Proposition 3. [2] Let M be any A−module. A submodule N of M is an l−prime submodule
of M if and only if P is a prime submodule of M and (P : M) is an l−prime ideal of R.

Proof. See Proposition 2.2 in [2].

Proposition 4. [2] If R is a ring with identity, then R is l−prime ring if and only if R is an
l−prime left R−module.

Proof. See Proposition 2.4 in [2].

It follows from Proposition 2.7 in [2] that every s−prime submodule is l−prime and every
l−prime submodule is prime. This condition implies every s−prime module is l−prime and
every l−prime module is prime. However, the converse is not generally true. An A−module is
called an l−prime module if {0} is an l−prime submodule of M . In general, if P is an l−prime
submodule of M , then M/P is an l−prime module. The Example 2.10 in [2] showed that a
prime module which is not l−prime exists. Furthermore, the Example 2.11 in [2] showed that
an l−prime module which is not s−prime exists. Moreover, in the case of commutative ring, we
have the following consequence.

Corollary 1. Let M be a nonzero R−module. If M is ⊕−supplemented module and R is a
commutative ring, then M/P(M),M/N (M),M/L(M) are ⊕−supplemented modules such that
M/P(M) = M/N (M) = M/L(M).

Proof. It follows from Theorem 2.12 in [2] that if M is a module over commutative ring,
then s−prime ⇔ l−prime ⇔ prime. Therefore, P(M) = N (M) = L(M). This gives
M/P(M) = M/N (M) = M/L(M).

A submodule of an R−module M is called cofinite in M if the factor module M/N is finitely
generated. Then, M is called an ⊕−cofinitely supplemented if every cofinite submodule of M
has a supplement which is a direct summand of M . Furthermore, M is called a cms−module
if for every cofinite submodule K of M , there exist submodules P and Q of M such that P
is a supplement of K, P + Q = M , and P ∩ Q is a small submodule in Q. A necessary and
sufficient condition for a module to be ⊕−cofinitely supplemented is given in [15]. In fact, every
⊕−supplemented module is a cms−module. However, it follows from the Example 2.2 in [15]
that the converse is not generally true. We therefore have the following corollary.

Corollary 2. Let M be a nonzero R−module. If M is cms−module, then
M/J (M),M/P(M),M/N (M),M/L(M) are cms−modules.

Proof. It is follows from 4 that J (M),P(M),N (M),L(M) are fully invariant submodules of
M . Then, it follows from Theorem 2.6 in [15] that M/J (M),M/P(M),M/N (M),M/L(M)
are cms−modules.
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3. Conclusion
Given an ⊕−supplemented (respectively, cms−module) A−module. In fact, for every nonzero
submodule N of M , the factor module M/N is not generally an ⊕−supplemented (respectively,
cms−module) A−module. On the other hand, we may classify some submodules ofM generating
the factor modules which are ⊕−supplemented (respectively, cms−module). The fully invariant
submodules meet the requirement to be submodules generating factor modules which are
⊕−supplemented (respectively, cms−modules). Some submodules are naturally fully invariant
submodules, for example, J (M),P(M),N (M),L(M) of any A−module M are fully invariant
submodules.
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