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Brown-McCoy Radical in Restricted Graded Version

ABSTRACT
Article History: [Some conjectures related to the radical theory of rings are still open. Hence, the
Received : D-M-20XX research on the radical theory of rings is still being investigated by some prominent
Revised :D-M-20XX authors. On the other hand, some results on the radical theory of rings can be
Accepted : D-M-20XX implemented in another branch or structure. In radical theor, it is interesting to
Online  :D-M-20XX bring some radical classes into graded versions. In this chance, we implement a
qualitative method to conduct the research to bring the Brown-McCoy radical class
Keyword: to the restricted graded Brown-McCoy radical class. We start from some known
Radical ring; facts on the Brown-McCoy radical class and furthermore, let G be a group, we
Graded ring; explain the Brown-McCoy radical restricted with respect to the group G. The
Brown-McCoy radical; Brown-McCoy radical in restricted graded version will be denoted by G¢ and we
Graded Brown-McCoy also give the fact by explaining what G¢ (R) is as the final outcome of this paper]
radical;
A
o

TN

d ; Crossref M

https://doi.org/10.31764 /jtam.vXiY.ZZZ This is an open access article under the CC-BY-SA license

A. INTRODUCTION

In this paper, we use I < R to express [ ideal of R. Let R be a ring and let a be a nonzero
element of R. The element a is called a nilpotent element if a™ = 0 for some n € Z*. If Va €
R,a™ = 0 for some n € Z*, R is called a nil ring. Based on its history, the concept of radical class
was observed by Kdethe by investigating the property of the class N’ = {R |Vr € R,3n € Z* 3

r™ = 0} of rings. In other words, the class V" consists of all nil rings (Gardner & Wiegandt, 2004).

Kdethe also discovered some facts on the class IV of all nil rings. For all rings R € V' then R/I €
N, VI < R. Furthermore, the largest ideal I of a ring R which consists of nilpotent elements, is
also the member of the class V. Finally, if there exists ringRandI <R3 € Nand R/l € N
implies R € V. These properties of the class V' of all nil rings motivated Amitsur and Kurosh
to define a radical class of rings. A class of rings y is said to be radical if A/ € y,V0 # I proper
ideal of 4, for every ring R, y(R) = Z{I < R|I € y} € y and for every ring R, there exist an ideal
I of Rand I,R/I € y implies R € y (Gardner & Wiegandt, 2004). Directly, we can infer that the
class v of all nil rings is aradical class. However, the class Iy, = {R isaring | R" = {0} for some
n € Z*}is not a radical class. In the development of radical theory, there are two types radical
based on the construction. The lower radical and the upper radical. The lower radical LNV of
the class 2V is being investigated by Baer, and it is denoted by . Furthermore, since it follows
from the fact that the radical class £ is precisely the upper radical class of the class of all prime
rings, the Baer radical class S is also called the prime radical class of rings. On the other hand,
the class £ of all locally nilpotent rings forms a radical class of rings and it is called the Levitzki

Commented [M1]: Should Abstract contains about research
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radical. The structure of Levitzki radical can be seen in (Gardner & Wiegandt, 2004), and the
implementation of Levitzki radical in a skew polynomial ring can be seen in (Hong & Kim, 2019).

The nilpotent property of skew generalized power series ring has been discussed in
(Ouyang & Liu, 2013). Moreover, a nilpotent derived from the implementation Jacobson radical
class J = {A|(4,°) forms a group, wherea cb = a + b — ab for every a, b € A} of graded group
ring is described in (Ili¢-Georgijevi¢, 2021). The definition of a graded ring will be given later in
Definition 7 in this section. In fact, it follows from (Prasetyo & Melati, 2020) that the Jacobson
radical J(A) of aring A is two-sided brace. Some property of nilpotent group and the property
of skew left brace of nilpotent type are described in (Smoktunowicz, 2018) and (Ced¢ et al,,
2019).

On the other hand, 0 # J < R,] is essential if ] N K # {0}, V0 # K < R and it will be denoted
by J <o R. Moreover, u is special if u consists of prime rings, for every ring R € u then every
nonzero ideal I of R is also contained in u, and for every essential ideal J of R such that] € u
implies R € p. An upper radical class U(u) of a special class u is special. It follows from the fact
that S is precisely U(r), where 7 is the class of all prime rings. Hence, 8 is special. Some
properties related to special classes of rings and their generalization and their implementation
in the development of the radical theory of rings and modules can be seen in (France-Jackson
etal, 2015; Prasetyo etal.,, 2017, 2020; Prasetyo, Setyaningsih, etal., 2016; Prasetyo, Wijayanti,
etal, 2016; Wahyuni et al.,, 2017).

Furthermore, the class of all simple rings with unity is denoted by M. The upper radical
U (M) was being observed by Brown and McCoy, and it is called the Brown-McCoy radical class,
and it is denoted by G (Gardner & Wiegandt, 2004). We provide some examples of simple rings
with unity and their counterexamples.

Example 1. Consider the following concrete simple rings with unity
1. Every field is a simple ring with unity.
2. Let F be a field. Then the set M,,(F) of all matrices of the size n X n over F forms a
simple ring with unity

We give simple concrete rings which do not contain unity.
Example 2.

1. Let My (R) be the ring of all infinite matrices which are row infinite over aring R, that is,
every matrix in M., (R) has a countably infinite number of rows, but almost all entries in
each row are equal to 0. In the case, R is a field, then M, (R) is simple. Clearly, the center
of M (R)is {0}. Therefore, the simple ring M., (R) does not contain the identity element.

2. Theideal 2Z, = {0,2} of Z, = {0,1,2,3} is a simple ring, and it does not have unity.

The Cayley tables of the addition and multiplication modulo 4 of Z, respectively are
shown in Table 1 and Table 2 below.

Table 1. Addition modulo 4 of Z,

., 0 1 2 3
0o 0 1 2 3
1 1 2 3 0
2 2 3 0 1
3 3 0 1 2

Table 2. Multiplication modulo 4 of Z,
+4 0 1 2 3
0 0 0 0 0
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1 0 1 2 3
2 0 2 0 2
3 0 3 2 1

We further use the set Z, of all integer numbers modulo 4 to construct a graded ring in
Example 9.

In fact, for every special class u of rings, u is essentially closed. However, every class of
prime rings does not necessarily to be essentially closed. We provide the following examples to
make these conditions clear.

Example 3.

The 7 is special (Gardner & Wiegandt, 2004).

Example 4.

Let R be a prime ring. The prime ring R is called a * —ring if R/I € S for every nonzero proper
ideal I of R. The definition of * —ring was introduced by Halina Korolczuk in 1981 (Prasetyo et
al,, 2017). Let * be the symbol to express the class of all * —rings. However, * is not closed under
essential extension.

It follows from Example 4 that there is a class of prime rings, but it is not essentially closed. This
condition motivated the existence of the definition of essential cover and essential closure.

Definition 5.

Let 6 be any class of rings. The essential cover of § is denoted by £(§), and it is defined as
&(8) = {A|3B <o A 3 B € §}. Moreover, if § is closed under essential extension, then £(8) = §.
Furthermore, the set 8, = U2, 8° = 0 is the essential closure of §, where §(® = § and §¢+D =
e(6D).

In general, the essential closure y; of a special class of rings u is u itself since u® = u for every
t € {0,1,2,...}. However, in the case of nonspecial class of ring, the essential closure &, of §
strictly contains 6. We provide the following example.

Example 6.
It follows from Example 4 that the class * is not special. The essential closure of #;, of * strictly
contains *.

A graded ring is one of the kinds of rings such that its structure is being investigated by
prominent authors. We give highlight some research outcomes related to the existence of
graded rings. In the point of view of an epsilon category, the multiplicity of graded algebras and
epsilon-strongly groupoid graded can be found in (Das, 2021) and (Nystedt et al, 2020),
respectively. The studies on graded ring related to Leavitt path algebra can be seen in (R. Hazrat,
2014; Roozbeh Hazrat et al, 2018; Lannstréom, 2020; Vas, 2020a, 2020b). Furthermore, the
studies on graded ring related to the specific structure of rings and modules, namely weakly
prime ring, non-commutative rings, prime spectrum, unique factorization rings, positively
graded rings, simple rings, S —Noetherian ring, and Dedekind rings can be accessed in (Abu-
Dawwasb, 2018; Al-Zoubi & Jaradat, 2018; Alshehry & Abu-Dawwasb, 2021; Ceken & Alkan,
2015; Ernanto et al,, 2020; Kim & Lim, 2020; Nystedt & Oinert, 2020; Wahyuni et al., 2020;
Wijayanti et al,, 2020) respectively. Thus, it is interesting to investigate some further properties
and structures related to graded rings. On the other hand, the purpose of this research is to
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determine what g% (R) is. Finally, in the following definition, we provide the definition a graded
ring.

Definition 7.
let G be a monoid. A ring R is a G —graded ring if R =@ 4¢; Ry where the set {Ry|g € G} is the
collection of additive subgroups of R 3 RyRy, € Ry V g, h € G (Kim & Lim, 2020).

In order to make the reader be clear in understanding the concept of a graded ring, we provide
the following examples.

Example 8.

Let R(x) be the set of all infinite sequences (ag, a4, a,, as, ... ) where a; € R and R is a ring for
every i € {0,1,2,3, ...} and where there exists n € G = {0,1,2,3 ... } such that for all integers k >
n,a; = 0. Directly we can infer that the polynomial ring R(x) =@geq Ry where Ry =
(a,0,0,...),R; = (0,a4,0,0,...), ... Rg = (0,0, ..., a4, 0,0, ...) such that RjR, € Ry, for every
g, h € G.The polynomial R(x) is graded, and it is graded by its degree. Therefore, for every ring
R, the graded ring naturally exists.

We also provide another example of a graded ring as follows.

Example 9.
Consider the set Z, = {0,1,2,3} and let A be any ring. Now the set M, (A) is the set of all 2 X 2

matrices over ring A. Define A, = (‘g g),Al = (g g)’AZ - (2 ‘g)‘A3 _ (g 8) We

therefore have A = A, @ A, @ A, @ A; and Aj4, € Ay, for every g,h € Z,. Thus, we can
infer that 4 is a Z, —graded ring.

Some further and nontrivial examples of graded rings can be accessed in (Alshehry & Abu-
Dawwasb, 2021) and (Pratibha et al., 2017). Moreover, the monoid G can be strictly replaced
by any arbitrary group. Let R and S be graded rings with respect to G, the symbol R* will
denote the underlying ungraded ring. A ring homomorphism f which maps R to S is called a
graded homomorphism of degree (h, k) if f(Ry) € Sngi, Vg € G. The existence of this graded
homomorphism motivated the existence of the definition of graded radical. For simply, the
definition of graded radical class can be seen in Definition 2 in (Fang & Stewart, 1992), which
is similar to the definition of radical class in the graded version.

Furthermore, we shall follow the construction of the restricted graded radical introduced
by Hongjin Fang and Patrick Stewart in their paper (Fang & Stewart, 1992). Let y be radical,
y% = {R|R isa G —graded ringand A% € y}. Moreover, for further consideration, it will be called
a graded radical y ¢ of y.

[Some properties of graded radical related to the normality and specialty of the graded
radical c‘an be seen in (Fang & Stewart, 1992). In this paper, we define G¢ and determine what
GY(R) is.

B. METHODS

This research is conducted using a qualitative method derived from facts and known
concepts from a literature study. To gain some properties of radical of rings, we follow some
concepts and radical construction (Gardner & Wiegandt, 2004). There are lower radical class
and upper radical class. In this part, we focus on the upper radical class construction. We post
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the known result in the early part of Section C. We start with the structure of what the Brown-
McCoy radical of a ring actually is and prove the property completely.

In the development of graded radicals, the graded version of the radical class of rings has
been being investigated. Gardner and Plant, in their paper (Gardner & Plant, 2009), investigated
and compared the Jacobson radical and graded Jacobson radical. The homogeneity radicals
defined by the nilpotency of a graded semigroup ring are described in (Hong etal., 2018). Some
further fundamental structures of graded radical of rings can also be studied from (Lee &
Puczylowski, 2014), (Hong et al., 2014) and (Mazurek et al., 2015). However, we shall follow
the concept of restricted graded radical which was introduced by (Fang & Stewart, 1992) to
construct the restricted graded Brown-McCoy radical. Finally, in virtue of the construction of
the restricted graded Brown-McCoy radical; we can determine the structure of the restricted
graded Brown-McCoy radical.

C. RESULT AND DISCUSSION
We separate this part into two subsections. In the first part, we describe what the Brown-McCoy
of a ring actually is. Moreover, in the second part, we describe the construction of restricted graded
Brown-McCoy radical and give some of its properties.
1. Brown-McCoy Radical
We start this part with this proposition as a reminder and we give complete proof.
Proposition 10. (Gardner & Wiegandt, 2004)
Let A be any ring, G(A) =N {[|A/I; € M}
Proof.
In fact, G = U(M) = {A] there is no A/ € M for every I ideal of A}y. Now let A € M.
Suppose I and K be ideals of A such that /K = {0}. Since the ring A4 is a simple ring, in the
case of K = Aimplies I = {0} or in the case of I = A implies K = {0}. Hence, {0} is a prime
ideal of A. Thus, A is prime. So, we may deduce that M consists of prime rings. Furthermore
M is hereditary, and it is essentially closed. This gives M is special. Thus G is hereditary.
Furthermore, since M is essentially closed, the essential cover EM of M coincide with M.

It follows from Theorem 3.7.2 in (Gardner & Wiegandt, 2004) that G(A) =N {I;|A/I;, € M}.
|

2. Graded Brown-McCoy Radical
Let G be any group. It follows from the construction of restricted G —graded radical
described in (Fang & Stewart, 1992) that a restricted G —graded Brown-McCoy radical class
can be defined as G¢ = {A isa G —graded ring |A* € G}, where A" is underlying ungraded of
the ring A. For further consideration, we call the class of rings G¢ by graded Brown-McCoy
radical. In the next theorem, we will show that the graded Brown-McCoy radical G is
hereditary.

Theorem 11.

Let G be any group. The restricted G —graded Brown-McCoy radical G is hereditary.

Proof.

It can be directly inferred by the hereditaries of the Brown-McCoy radical G and Proposition 2 in
(Fang & Stewart, 1992) that G is hereditary. However, we will provide the proof in detail for the
reader. Now let A € G¢ and let I be any nonzero homogenous proper ideal of A. Then A =
Dgeg Ag and I =@peq I N Ap. Hence, I is a G —graded ring. It is clear that /* is a ideal of A" €

G. Since G is hereditary, I* € G. So, we can deduce that I € G¢. Thus, G¢ is hereditary.
]
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The hereditaries of G¢ explained in Theorem 11 implies the following property.

Theorem 12.

Let G be any group, G¢(A) is the intersection of all G —graded ideals I of A such that A/I is
G —graded simple ring with unity, where A is a G —graded ring.

Proof.

Let A be any G —graded ring. In virtue of Theorem 2, G¢ is hereditary. Furthermore, since G is
hereditary and it follows from Proposition 2 in (Fang & Stewart, 1992) that G¢(4) = (G(4))g,
where (G(A))g =@gec {G(A) N Aglg € G}. Now let {[;},A € A, where A is index, be the
collection of all ideals of 4 such that A/I; € M. Define I¢ =@gec L N A, forevery 1 € A. It is
clear that If is a G —graded ideal of A such that I{ is simple G —graded with unity. Now the
intersection of all {;},A1 € A is

Naea IAG =Nea {@gea LN Ag}
=@ gec {(Miea ) N Ay}
Menlf  =@geq (G(A) N 4g|g € G) (1)

On the other hand,

GA) = (G(A)¢
@

It follows from equations (1) and (2) that (G(A4))¢ is precisely the intersection of all G —graded
ideals I of A such that A/I is G —graded simple ring with unity which completes the proof. ™

D. CONCLUSION AND SUGGESTIONS

[lt follows from Theorem 12 that for a fixed group G, and let A be ring, G¢(4) =n {I;|A/I, is
a G —graded which is a member of M’} . The research can be continued to investigate the restricted
G —graded for Levitzki radical, Thierrin radical, anti simple radical, and Behrens radical. \
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A. INTRODUCTION|

In this paper, we use I < R to express [ ideal of R. Let R be a ring and let a be a nonzero
element of R. The element a is called a nilpotent element if a® = 0 for some n € Z*. If Va €
R,a™ = 0 for some n € Z*, R is called a nil ring. Based on its history, the concept of radical
class was observed by Kdethe by investigating the property of the class ' = {R |Vr € R,An €
Z* 3 r™ = 0} of rings. In other words, the class V consists of all nil rings (Gardner &
Wiegandt, 2004). Koethe also discovered some facts on the class IV of all nil rings. For all
rings R € V then R/I € IV,VI < R. Furthermore, the largest ideal I of a ring R which consists
of nilpotent elements, is also the member of the class V.. Finally, if there exists ring R and [ <
R31e€eNand R/l € NV implies R € . These properties of the class V of all nil rings
motivated Amitsur and Kurosh to define a radical class of rings. A class of rings y is said to be
radical if A/I € y,V0 # I proper ideal of 4, for every ring R, y(R) = 2{I < R|I € y} € y and for
every ring R, there exist an ideal / of R and I,R/I € y implies R € y (Gardner & Wiegandt,
2004). Directly, we can infer that the class IV of all nil rings is a radical class. However, the
class Vy = {R is aring | R™ = {0} for some n € Z*} is not a radical class. In the development of
radical theory, there are two types radical based on the construction. The lower radical and
the upper radical. The lower radical LV, of the class 2V, is being investigated by Baer, and it is
denoted by . Furthermore, since it follows from the fact that the radical class f is precisely
the upper radical class of the class of all prime rings, the Baer radical class S is also called the
prime radical class of rings. On the other hand, the class £ of all locally nilpotent rings forms a
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radical class of rings and it is called the Levitzki radical. The structure of Levitzki radical can
be seen in (Gardner & Wiegandt, 2004), and the implementation of Levitzki radical in a skew
polynomial ring can be seen in (Hong & Kim, 2019).

The nilpotent property of skew generalized power series ring has been discussed in
(Ouyang & Liu, 2013). Moreover, a nilpotent derived from the implementation Jacobson
radical class J = {A|(4,°) forms a group, whereaob =a+ b —ab for every a,b € A} of
graded group ring is described in (Ili¢-Georgijevi¢, 2021). The definition of a graded ring will
be given later in Definition 7 in this section. In fact, it follows from (Prasetyo & Melati, 2020)
that the Jacobson radical J(A4) of a ring 4 is two-sided brace. Some property of nilpotent
group and the property of skew left brace of nilpotent type are described in (Smoktunowicz,
2018) and (Cedé et al,, 2019).

On the other hand, 0 # ] < R,] is essential if ] N K # {0},V0 # K < R and it will be
denoted by J <o R. Moreover, uis special if 4 consists of prime rings, for every ringR € u
then every nonzero ideal I of R is also contained in y, and for every essential ideal J of R such
that/ € pimplies R € p. An upper radical class U(u) of a special class p is special. It follows
from the fact that fis precisely U(rr), where mis the class of all prime rings. Hence, 8 is
special. Some properties related to special classes of rings and their generalization and their
implementation in the development of the radical theory of rings and modules can be seen in
(France-Jackson et al., 2015; Prasetyo et al.,, 2017, 2020; Prasetyo, Setyaningsih, et al., 2016;
Prasetyo, Wijayanti, et al., 2016; Wahyuni et al.,, 2017).

Furthermore, the class of all simple rings with unity is denoted by M. The upper radical
U(M) was being observed by Brown and McCoy, and it is called the Brown-McCoy radical
class, and it is denoted by G (Gardner & Wiegandt, 2004). We provide some examples of
simple rings with unity and their counterexamples.

Example 1. Consider the following concrete simple rings with unity
1. Every field is a simple ring with unity.
2. LetF be a field. Then the set M, (F) of all matrices of the size n X n over F forms a
simple ring with unity

We give simple concrete rings which do not contain unity.
Example 2.

1. Let My (R) be the ring of all infinite matrices which are row infinite over a ring R, that
is, every matrix in M, (R) has a countably infinite number of rows, but almost all
entries in each row are equal to 0. In the case, R is a field, then M, (R) is simple. Clearly,
the center of My (R)is {0}. Therefore, the simple ring M. (R) does not contain the
identity element.

2. Theideal 2Z, = {0,2} of Z, = {0,1,2,3} is a simple ring, and it does not have unity.

The Cayley tables of the addition and multiplication modulo 4 of Z, respectively are
shown in Table 1 and Table 2 below.

Table 1. Addition modulo 4 of Z,

4, 0 1 2 3
0o 0 1 2 3
1 1 2 3 0
2 2 3 0 1
3 3 0 1 2

Table 2. Multiplication modulo 4 of Z,
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+, 0 1 2 3
0 0 o0 0 0
1 0 1 2 3
2 0 2 0 2
3 0 3 2 1

We further use the set Z, of all integer numbers modulo 4 to construct a graded ring in
Example 9.

In fact, for every special class u of rings, p is essentially closed. However, every class of
prime rings does not necessarily to be essentially closed. We provide the following examples
to make these conditions clear.

Example 3.

The 7 is special (Gardner & Wiegandt, 2004).

Example 4.

Let R be a prime ring. The prime ring R is called a * —ring if R/I €  for every nonzero proper
ideal I of R. The definition of * —ring was introduced by Halina Korolczuk in 1981 (Prasetyo et
al,, 2017). Let * be the symbol to express the class of all * —rings. However, * is not closed
under essential extension.

It follows from Example 4 that there is a class of prime rings, but it is not essentially closed.
This condition motivated the existence of the definition of essential cover and essential
closure.

Definition 5.

Let 6 be any class of rings. The essential cover of § is denoted by £(6), and it is defined as
&(8) = {A|3B <o A 3 B € §}. Moreover, if § is closed under essential extension, then £(8) = §.
Furthermore, the set 8, = Ui2,6° = 0is the essential closure of §, where § = § and
5D = (51,

In general, the essential closure y;, of a special class of rings u is u itself since u® = p for
every t € {0,1,2, ... }. However, in the case of nonspecial class of ring, the essential closure &§;
of § strictly contains §. We provide the following example.

Example 6.
It follows from Example 4 that the class * is not special. The essential closure of #;, of * strictly
contains *.

A graded ring is one of the kinds of rings such that its structure is being investigated by
prominent authors. We give highlight some research outcomes related to the existence of
graded rings. In the point of view of an epsilon category, the multiplicity of graded algebras
and epsilon-strongly groupoid graded can be found in (Das, 2021) and (Nystedt et al., 2020),
respectively. The studies on graded ring related to Leavitt path algebra can be seen in (R.
Hazrat, 2014; Roozbeh Hazrat et al, 2018; Lannstrom, 2020; Vas, 2020a, 2020b).
Furthermore, the studies on graded ring related to the specific structure of rings and modules,
namely weakly prime ring, non-commutative rings, prime spectrum, unique factorization
rings, positively graded rings, simple rings, S —Noetherian ring, and Dedekind rings can be
accessed in (Abu-Dawwasb, 2018; Al-Zoubi & Jaradat, 2018; Alshehry & Abu-Dawwasb, 2021;
Ceken & Alkan, 2015; Ernanto et al,, 2020; Kim & Lim, 2020; Nystedt & Oinert, 2020; Wahyuni
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et al.,, 2020; Wijayanti et al.,, 2020) respectively. Thus, it is interesting to investigate some
further properties and structures related to graded rings. On the other hand, the purpose of
this research is to determine what g¢(R) is. Finally, in the following definition, we provide the
definition a graded ring.

Definition 7.
let G be a monoid. A ring R is a G —graded ring if R =@ ¢ Ry, where the set {Ry|g € G} is the
collection of additive subgroups of R 3 RyRy, € RypV g, h € G (Kim & Lim, 2020).

In order to make the reader be clear in understanding the concept of a graded ring, we
provide the following examples.

Example 8.

Let R(x) be the set of all infinite sequences (ag, a4, a,, as, ...) where a; € R and R is a ring for
every i € {0,1,2,3, ...} and where there exists n € G = {0,1,2,3 ... } such that for all integers k >
n,a; = 0. Directly we can infer that the polynomial ring R(x) =@ 4ec Ry where Ry =
(a0,0,0,...),R; = (0,a;,0,0,...), ... Rg = (0,0, ...,a4,0,0, ...) such that RgR, S Ry, for every
g, h € G. The polynomial R(x) is graded, and it is graded by its degree. Therefore, for every
ring R, the graded ring naturally exists.

We also provide another example of a graded ring as follows.

Example 9.
Consider the setZ, = {0,1,2,3} and let A be any ring. Now the set M,,,(A) is the set of all

2 X 2 matrices over ring A. Define 4, = ('g g),Al = (g g) VA, = (?1 g),A3 = (8 8)

We therefore have A = A, @ A; ® A, ® A; and 444, € Ay, for every g, h € Z,. Thus, we can
infer that 4 is a Z, —graded ring.

Some further and nontrivial examples of graded rings can be accessed in (Alshehry & Abu-
Dawwasb, 2021) and (Pratibha et al., 2017). Moreover, the monoid G can be strictly replaced
by any arbitrary group. Let R and S be graded rings with respect to G, the symbol R* will
denote the underlying ungraded ring. A ring homomorphism f which maps R to S is called a
graded homomorphism of degree (h, k) if f(Ry) € Sngi, Vg € G. The existence of this graded
homomorphism motivated the existence of the definition of graded radical. For simply, the
definition of graded radical class can be seen in Definition 2 in (Fang & Stewart, 1992), which
is similar to the definition of radical class in the graded version.

Furthermore, we shall follow the construction of the restricted graded radical introduced
by Hongjin Fang and Patrick Stewart in their paper (Fang & Stewart, 1992). Let y be radical,
y% ={R|Ris a G —graded ring and A" € y}. Moreover, for further consideration, it will be
called a graded radical y ¢ of y.

Some properties of graded radical related to the normality and specialty of the graded
radical can be seen in (Fang & Stewart, 1992). In this paper, we define ¢ and determine what
GY(R) is.

I

B. METHODS
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This research is conducted using a qualitative method derived from facts and known
concepts from a literature study. To gain some properties of radical of rings, we follow some
concepts and radical construction (Gardner & Wiegandt, 2004). There are lower radical class
and upper radical class. In this part, we focus on the upper radical class construction. We post
the known result in the early part of Section C. We start with the structure of what the Brown-
McCoy radical of a ring actually is and prove the property completely.

In the development of graded radicals, the graded version of the radical class of rings has
been being investigated. Gardner and Plant, in their paper (Gardner & Plant, 2009),
investigated and compared the Jacobson radical and graded Jacobson radical. The
homogeneity radicals defined by the nilpotency of a graded semigroup ring are described in
(Hong et al., 2018). Some further fundamental structures of graded radical of rings can also be
studied from (Lee & Puczylowski, 2014), (Hong et al, 2014) and (Mazurek et al, 2015).
However, we shall follow the concept of restricted graded radical which was introduced by
(Fang & Stewart, 1992) to construct the restricted graded Brown-McCoy radical. Finally, in
virtue of the construction of the restricted graded Brown-McCoy radical; we can determine
the structure of the restricted graded Brown-McCoy radical.

C. RESULT AND DISCUSSION

We separate this part into two subsections. In the first part, we describe what the Brown-
McCoy of a ring actually is. Moreover, in the second part, we describe the construction of restricted
graded Brown-McCoy radical and give some of its properties.

1. Brown-McCoy Radical

We start this part with this proposition as a reminder and we give complete proof.

Proposition 10. (Gardner & Wiegandt, 2004)
Let A be any ring, G(4) =N {[|A/I) € M’}
Proof.
In fact,G = U(M) = {A| there is no A/l € M for everylideal of Aly. Now letA € M.
Suppose I and K be ideals of 4 such that IK = {0}. Since the ring A is a simple ring, in the
case of K = Aimplies I = {0} or in the case of I = A implies K = {0}. Hence, {0} is a prime
ideal of A. Thus, Ais prime. So, we may deduce that M consists of prime rings.
Furthermore M is hereditary, and it is essentially closed. This gives M is special. Thus G is
hereditary. Furthermore, since M is essentially closed, the essential cover EM of M
coincide with M. It follows from Theorem 3.7.2 in (Gardner & Wiegandt, 2004) that G(A4) =
Nn{L|A/L, € M} u

2. Graded Brown-McCoy Radical
Let G be any group. It follows from the construction of restricted G —graded radical
described in (Fang & Stewart, 1992) that a restricted G —graded Brown-McCoy radical
class can be defined as G¢ = {Ais aG —graded ring |A* € G}, where A*is underlying
ungraded of the ring A. For further consideration, we call the class of rings G¢ by graded
Brown-McCoy radical. In the next theorem, we will show that the graded Brown-McCoy
radical G€ is hereditary.

Theorem 11.

Let G be any group. The restricted G —graded Brown-McCoy radical G is hereditary.

Proof.

It can be directly inferred by the hereditaries of the Brown-McCoy radical G and Proposition 2 in
(Fang & Stewart, 1992) that G is hereditary. However, we will provide the proof in detail for
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the reader. Now let A € G¢ and let I be any nonzero homogenous proper ideal of A. Then A =
Dgeg Ag and I =@peq I N Ap. Hence, I is a G —graded ring. It is clear that /* is a ideal of A" €
G. Since G is hereditary, I* € G. So, we can deduce that I € G¢. Thus, G¢ is hereditary.

]

The hereditaries of G¢ explained in Theorem 11 implies the following property.

Theorem 12.

Let G be any group, G9(A) is the intersection of all G —graded ideals I of A such that A/I is
G —graded simple ring with unity, where A is a G —graded ring.

Proof.

Let A be any G —graded ring. In virtue of Theorem 2, G¢ is hereditary. Furthermore, since G€ is
hereditary and it follows from Proposition 2 in (Fang & Stewart, 1992) that G¢(4) = (G(4))e,
where (G(4))¢ =Dgec {G(A) NAylg € G}. Now let {I},4 € A, where A is index, be the
collection of all ideals of A such that A/I, € M. Define If =@ e I N Ag forevery 2 € A. It is
clear that If is a G —graded ideal of A such that If is simple G —graded with unity. Now the
intersection of all {;},A1 € A is

Nyea IAG =Mjen {@gec LN Ag}
=@ gec {(Naea 1) N Ay}
n/leA If =®gEG {Q(A) n Aglg € G} (1)
On the other hand,
G°(A) = (G(A)g 2

It follows from equations (1) and (2) that (G(A4))¢ is precisely the intersection of all G —graded
ideals I of A such that A/I is G —graded simple ring with unity which completes the proof. ™

D. [CONCLUSION/AND SUGGESTIONS

It follows from Theorem 12 that for a fixed group G, and let A be ring, G¢(4) =n {I;|A/I, is
a G —graded which is a member of M} . The research can be continued to investigate the restricted
G —graded for Levitzki radical, Thierrin radical, anti simple radical, and Behrens radical.
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